
and

P
(
τk = −ei

)
=

1
2(n + 1)k

∑
`0+···+`n=k

`j odd if 1≤j∈i,`j even if 1≤j /∈i

(
k

`0, . . . , `n

)

− 1
2
E

(〈
τk, ei

〉)
, (2.28)

where

E
(〈

τk, ei

〉)
=





1
(n + 1)k

∑
0≤j≤k
j even

(
k

j

)
(2p− n)j/2 if i = ∅,

1
(n + 1)k

∑
1≤j≤k
j odd

(
k

j

)
(2p− n)(j−1)/2 if |i| = 1,

0 in all other cases.
(2.29)

Proof. The result follows from the following observation:

P
(
τk = ei

)
= t+i (k) =

1
2

[(
t+i (k) + t−i (k)

)
+

(
t+i (k)− t−i (k)

)]

=
1
2

[
P(τk = ±ei) +

〈〈τk〉 , ei

〉]
(2.30)

Similarly,

P
(
τk = −ei

)
= t−i (k) =

1
2

[(
t+i (k) + t−i (k)

)
−

(
t+i (k)− t−i (k)

)]
. (2.31)

Theorem 2.10. The random walk (τk)k≥0 satisfies

τk
D→ U ({±ei}

)
. (2.32)

Proof. Because 〈τk〉 → 0, sufficiently large values of k give

P
(
τk = ei

)
=

1
2(n + 1)k

∑
`0+···+`n=k

`j odd if 1≤j∈i,`j even if 1≤j /∈i

(
k

`0, . . . , `n

)
+ o(ε). (2.33)

Moreover,

P
(
τk = −ei

)
=

1
2(n + 1)k

∑
`0+···+`n=k

`j odd if 1≤j∈i,`j even if 1≤j /∈i

(
k

`0, . . . , `n

)
+ o(ε). (2.34)

Passing to binary representations of subsets i, each blade ei ∈ C`p,q is
uniquely associated with a vertex of the n-dimensional hypercube. By identify-
ing each pair ±ei, the walk (τk) induces a walk on the n-dimensional hypercube.
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