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Abstract

Quantum lterated Function System on a complex projective sface
is de ned by a family of linear operators on a complex Hilbert space.
The operators de ne both the maps and their probabilities by one
algebraic formula. Examples with conformal maps (relativistic boosts)
on the two-sphere - CP(1) are discussed in some details.

1 Introduction

Iterated Function Systems generate fractal sets due to norcommutativity of
maps. In quantum theory position and momentum operators do ot com-
mute (which leads to the well known Heisenberg's uncertaing relations),
and also di erent components of spin do not commute. This sugests that
fractal patterns and chaos may arise as a result of certain gantum measure-
ment processes. In the present note | will brie y describe the present status
of this new research avenue and point at some open questiondNhile no
knowledge of quantum theory will be required for the reader,comments in
the footnotes and in the Conclusions will be addressed to thee readers who
would like to have a broader view of the subject. The agship xample of an
iterated function system (in short: IFS) is the Sierpinski fractal. generated
by random application of 3 3 matrices A[i];i =1;2; 3 to the vector:
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Figure 1. The classical fractal: Sierpinski Triangle geneated by an lterated
Function System.

where A[i] is given by
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0 0 1

and ax; = 0:0;ay; = 0:0;ax, = 0:5;ay, = 0:0;ax3z = 0:25;ay; = 0:5:
(Our 3 3 matrices encode a ne transformations - usually separatedinto
a 2 2 matrix and a translation vector.) At each step one of the three
transformations A[i];i = 1;2; 3 is selected with probability p[i] = 1=3. After
each transformation the transformed vector is plotted on the (x;y) plane.

2 Algebraic preliminaries.

The important property of the maps AJi] is that they are contractions.
Siepinski triangle, as well as another well known example,he fern [1], live
on a 2-dimensional plane. Quantum iterated function systens (QIFS) live
complex projective spaces, the simplest one beinGP (1) - a 2-dimensional
sphere S2: A ne transformations form a natural group of transformatio ns
acting on the plane. What is the natural group of transformations acting
on the sphere? One would think it is the rotation group O(3). But rota-
tions are volume preserving and they would not mimick contractions. The
next candidate in line is the Lorentz group O(3;1): It is not so well known
that the Lorentz group acts on the sphere in a natural way. Oneway to
see that this is the case is to notice that the Lorentz group isthe group
preserving the space-time metrics? =  x3+ x2+ x5+ x3 and thus the light
coneC = fx = (x% x5 x%x3) :  (x92+ (xH)2+(x?)2+ (x%2 = 0g; and



therefore, because it acts as linear transformations, alsthe projective light
conePC; that is the set of equivalence classes *x 2 C; with respect to the
equivalence relationR  (Cnf0g) (CnfOg) wherexRy i x=y; 60:
Each equivalence class has a unique representative witk® = 1; so PC can
be identi ed with the sphere S?2 = fn 2 R®: n? = 1g: The Lorentz group
0O(3;1) consists of 4 4 real matrices = ( ) satisfying T = ; where
=( )= diag( 1;1;1;1) is the diagonal metric matrix. The action
S23n 7' ( n)of O(3;1) on S? is given explicitly by the formula:
- I0 + Ij n] .
(n) = 00-"701"]]’ 3
(we will always use Einstein's summation convention over rpeated indices).
The group O(3;1) has four connected components. We will need only the
connected component of the identity SO (3; 1) consisting of those matrices
in O(3;1) forwhichdet() =1and 9% > 0: The group SO (3; 1); though
connected, is not simply connected. It's simply connected duble covering
group is the group SL(2;C) of 2 2 complex matrices of determinant 1 By
polar decomposition every matrix A 2 SL(2; C) can be uniquely decomposed
A = PU into a positive part P and a unitary part U 2 SU(2):! The group
SU(2) is the double covering of the rotation group SO(3): Nontrivial positive
matrices in SL(2;C) have two eigenvalues ; < 1l and ,=1=;> 1 It
is the positive matrices in SL(2; C) that will generate our iterated function
systems.
To describe the 2 : 1 group homomorphismA 7! ( A) from SL(2;C) to
SO; (3;1); and also to describe algberaically the action oSL(2;C) on S? it
is convenient to use the Pauli spin matrices o; 1; »2; 3 dened by

_,- Lo 01 0 i 1 0
°o='T o0 1 1= 10 27 i 0 5T 0 1

The homomorphismSL(2;C) ! SO (3;1) is then given by the formula:
(M) =3T( A AY) @

where A? denotes the Hermitian conjugate of A: Every Hermitian 2 2
matrix X can be uniquely represented aX = x , with x real. For every
2 [0;1]; and every unit length vector n 2 S? let

P(n; )= 501+ (n); ©

1In Relativity the positive matrices represent \Lorentz boo sts."




where (n) = n! 1+ n? ,+n3 3 ltis easy to see that a Hermitian matrix
X 6 1 is an idempotent if and only if it is of the form X = P(n;1) for
somen 2 S?%: We will write P(n) = P(n;1): It is also easy to check that a
matrix P is positive if and only if it is of the form P = ¢ P(n; ), for some
c>0; 2[0;1]; n 2 S% Notice that det(P) = 1 if and only if < 1 and
c=2(1 2 2 We will use the matrices P(n; ); with the same but
di erent vectors n to generate IFS-s onS?:

The formula (B) describing the action of the Lorentz group on S? is not
the most convenient one for our needs. Another way of describg the same
action is by noticing that, for r 2 S?; the following identity holds 2

P(n; )P()P(n; )= (;nn)P(r9; (6)
where (;n;r) 0is a given by:

1+ 242 (n 1)

(;nir)= 7 , 7
e L Ar+2 2+ (n 1))
r+ + (n r))n
S23r0= 8
' 1+ 2+2 (n 1) ®
where (n r) denotes the scalar product
N r=nirp+ Naoro+ N3ra: (9)
The mappr 7! r%is the same as the one described in EqX3), with =
2P(n; )= 1 2 : Notice that that the dilation coe cient 2 = 2
is not important here, because it would cancel out anyway in E.(@). The
transformation x 7! x implemented by can be explicitly described
by the formula known from texts on special relativity:
x% = cosh( )x®+sinh( )(x n); (10)
x° = x (x n)n+[sinh( )x%+cosh( )(x n)n;
where the "velocity" =tanh( ) =2 =1+ ?):® What is important for

us, is the fact that the coe cient (; n;r) in Eq.(B) is positive, and thus
can be interpreted as a (relative) probability associated vith the transfor-
mation r 7! r® In other words: relative probabilities associated to maps

2A more general formula is discussed in Sec[5Hl, Eq. [2R)
SNotice that for | 1; ! 1 - the velocity of light. In this limit the maps r 7! r
degenerate tor 7! n and become non-invertible.
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implemented by P(n; ) are naturally associated with the maps. It should
be noticed that positivity of  is guaranteed by the algebraic properties of
the operators involved. Indeed, becauseé®(n; ) = P(n; )?; and because
P(r) = P(r)? = P(r)? is an orthogonal projection, the right hand side in
Eq.@®) can be represented af\’A, with A = P(r)P(n; ), and is, therefore,
automatically positive.

3 Quantum Iterated Function Systems on S2:

Given a sequencen;; i = 1; ::: ;N of vectors in S? we associate with this
sequence an iterated function systenfw;: pig on S2, with place dependent
prababilities, de ned as follows:

L AHr+2 1+ (0 r)n;,

wi(r) = o= 1+ 2+2 (nj r) '

(11)

s Nir
p(r) = p i) 12)
j=1 (njir)
Systemf w;; pig de ned by these formulae will be called aQuantum Iterated
Function Systemsor QIFS . 4 The formula for the probabilities simpli es

whenever
X
ni=0: (13)
i=1
In the following we will always assume that the vectorsn; de ning the
transformations w; add to zero. In this casep; are given by:

1+ 242 (nj r).
N1+ 2

pi(r) = (14)
In [2] we examined QIFS corresponding to several most symmset con gura-
tions, where the vectorsn; were placed at the vertices of regular polyhedra:
tetrahedron (4), octahedron (6), cube (8), icosahedron (1%, dodecahedron
(20), double tetrahedron (8), icosidodecahedron (30). In ach case numeri-
cal simulation of the Markov process, starting with a random original point,
lead to fractal-like patterns on the sphere. For close to 1 the operators
P(n; ) are close to projections, therefore the attraction centes are very
distinctive. For close to O the operatorsP (n; ) induce maps close to the



Figure 2: Quantum Dodecahedron ( = 0:78) and Quantum Octahedron
( =0:58) The darker the place, the smaller probability of it being visited.

identity map - the patterns are fuzzy. Typical patterns are shown in Fig. 1.

It seems that the fractal dimension depends on the value of. The
Hausdor dimension of the limit set, for the tetrahedral case, has been
numerically estimated in Ref. [3] and shown to decrease from.44 to 0.49
while increases from 0.75 to 0.95.

4 Transfer (Markov) Operator and Invariant Mea-
sure

Sten o [4] gives a useful, brief review of the problem of the gistence and
uniqueness of the invariant measures, which is quite usefuh our case. We
will follow the notation and the terminology of [4]. The tran sfer operator T
for the system is de ned by the formula:

X
(THY(r) = pi()f (wi(r)); (15)

i=1
wheref 2 C(S?) - the space of all continuous functions onS?: By the Riesz
representation theoremT induces the dual operatorT? : 7! T? on the

spaceM (S?) of Borel probability measures onS? via the formula:
Z Z

(TEXr)d ()= f()d(T? )r):
S2 S2

4A short justi cation for the term \quantum” will be given in t he closing section of
this paper.




Since S? is compact, there always exists an invariant probability measure
that is invariant, i.e. T? = : Numerical simulations of QIFS seem to
indicate that such a measure is also unique, and that it is conentrated on
a unique attractor set, though di eBent for di erent 2 (0;1): As each of
the normalized operators P(n;; )= 1 22 SL(2;C) has two eigenvalues,
1+ )=2 ),and (1 )=(1 + ); - the standard contraction arguments
do not apply. In Ref. [4] Sten o states the following theorem, attributed to

Barnsley et al. [5]

Theorem 1. Letf(X;d);pi(x);w;i(x);i 2 S=11;2;:::;Nggbe an IFS with
place-dependent probabilities, with alw; being Lipshitz continuous, and all
pi being Dini-continuous, and bounded away fromD: Suppose

X d (wi (X); Wi (y))
i [ ’ X
oy =1 Px)log d(x;y) <0 (19

Then the generated Markov chain has a unique invariant proliality measure.

In our casew;(x) and p;(x) are analytic, with pj(r) N:(L:I.—+227 We made
a numerical estimation of the LHS of the inequality (I8) for the Quantum
Octahedron, with = 0:58, and obtained the value< 0:266 thus assuring
the uniqueness of the invariant measure in this particular @ase, with d being
the natural, rotation invariant, arc distance on S2:

Let o be the natural, rotation-invariant, normalized measure on S2;
Then, for any nite n, the measureT?" 4 is continuous with respectto g
and therefore can be written as

T o(r) = fa(r) ofr):

The sequence of functions ,(r) gives a convenient graphic representation of
the limit invariant measure. In our case, the functions f,, can be computed
explicitly via the following reccurence formula:

X do w r)
fn+ = i 1 - - r7

fn w; X(r) (17)
or, explicitly:

a 24Xt w ()
NI+ 2. @+ 2 2njr)

frea(r) = (18)



where
1 2r 2@ n; nn
1+ 2 2nir

Fig. (B) shows a plot of logf s(r) + 1) for Quantum Octahedron, = 0:58;
using the stereographic projectionn 7! z = ”11 ri]”32 from S? to the complex
plane. It should be noticed that via the stereographic projetion the maps
r 7! wi(r) become fractional, and thus conformal, transformations ¢ the
complex plane: z 7! wi(z) = &8 with a=1+ n3 b= (n} in?);c=
(nt+in?);d=1 n

w, (r) = (19)

Figure 3: Plot of f5(r) for Quantum Octahedron ( = 0:58)

5 Concluding Remarks

In this section we will place QIFS within a larger eld of piecewise-deterministic

Markov processes and their connection to dissipative dynaias of mixed
guanto-classical dynamical systems.
5.1 Classical dynamics

Usually classical dynamics is described by a 1-parameter gup  of di ero-
morphisms of a smooth manifoldX: In classical mechanicsX is a symplectic



manifold, the \phase space" of the system, and the ow ; is generated by
a Hamiltonian vector eld on X. States of the system are simply points of
X; statistical states are probabilistic measures onX: The set of all statisti-
cal states is convex, its extremal elements are called purdates. These are
Dirac measures - concentrated at points oX: The ow  on X gives rise to
a ow on the space of \observables", that is functions onM; and to a ow
on the space \statistical states", that is on the spaceM (X) of probabilistic
measures onX . If X is discrete, then we can't have a continuous ow on
X, but we can still have a continuous family of transformations acting on
observables and on statistical states.

5.2 Quantum dynamics

Quantum theory is usually formulated in terms of linear operators acting
on a separable complex Hilbert spaceH: Observables are represented by
Hertmitian elements of the algebraA = L(H) of all bounded linear operators
on H: Statistical states are positive, normalized, ultra-weakl continuous,
functionals on A: They are represented by positive, trace class operators
; Tr( ) =1; with (A) 2 Tr( A); A 2 A: Pure states are represented
by of the form = P, where P is an orthogonal projection onto a 1-
dimensional subspace oH. The space of pure states can be thus identi ed
with the space of one-dimensional subspaces éf. If H is nite-dimensional,
H C", then the space of pure states is the complex projective plamCP" 1:
Quantum dynamics is usually described in terms of a 1-paranier group of
unitary operators U(t) : t 2 R: It acts on observables via automorphism
¢ DA T UL AU(L):

5.3 Mixed quanto-classical dynamics

We will consider the simple case, where the classical systeim nite X =

f1;:::;Ng: For each 2 X consider the Hilbert spaceH = C" and let
M (n ) be the algebra ofn  n complex matrices® The observables of the
coupled system are now functions 7! A 2 M(n ) on X with values in

M (n ). A pure state of the system is a pair (;P ), where 2f1;:::;Ng
and P is a Hermitian projection matrix onto a one-dimensional sutspace
in C" : It is not possible to couple the classical and the quantum degees
of freedom via reversible, unitary dynamics. A 1-parametersemi-group of
completely positive maps of the algebraA = N_, M (n ) is being used

5In all examples studied so far the dimensionsn were the same for all : But such a
restriction is not necessary.



instead. We are interested in semi-groups with generatorsfd.idblad's type
(also known as \dynamical semigroups"), in particular with generators of
the form:

X

L(A) =i[H ;A ]+ J A g %( A +A ) (20)
6
whereg 2 L(H ;H )and
X
= g°g 2L(H): (21)
6
We always assume that the diagonal terms vanish:g = 0: It has been

shown in [6] that there is a one{to{one correspondence betwen semigroups
with generators of the above type and piecewise-determinie Markov pro-
cesses on the space of pure states of the system.

5.4 From dynamical semigroups to QIFS

Here we are not concerned with the continuous time evolutionbetween
jumps, so let us extract from the Ref. [6], and also slightly eformulate,
the jump process alone. It is determined by the operatorsy alone, and
it is an iterated function system, with place-dependent prdabilities that
are also determined byg -s. Let (;P ) be pure state, with P being an
orthogonal projection on a unit length vector 2 H : Observe that for each
6 we have:

g Pg = (; ;P)Q (22)
where

(; iP)=kg K 0 (23)

and, if (; ;P)> 0;then Q is a projection operator on the vector
g =kg kinH : The probabilities p(; ;P) are de ned as

(; :P)

; sP)=1P : 24
P iP)= P (24)
Assume now that all Hilbert spacesH H are identical. Assume that
X =2N - the set of N bits, and that g = g 6 0 when diers from

only at one, the i-th bit, otherwise g = 0: We will just have a family of

operators g and a jump process on pure state$?, that is one-dimensional
orthogonal projections in H: The maps and their probabilities are determined
by:

gPg’ = (i;P)Q; (25)
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with  (i;P) = kg k% pi(P) = (i;P)=Pj (;P), and Q being the or-
thogonal projection on the subspace spanned by the vectog; : We have an
iterated function system on the complex projective spaceCP(n 1) (equiv-
alently, on the grassmanian of one-dimensional subspace$ G"), with place
dependent probabilities. Both, maps and probabilities, ae determined by
the set of linear operatorsg;; i2f1,2;:::;Ng

5.5 A short history of QIFS

The idea of coupling a classical and a quantum system via dymaical semi-
group has been originally described in [7]. The rst model ofa QIFS, on
S?, with index  being also continous = n, with values in S? and, using
the notation of Sec. g, dened asg, =exp(i (n)): These maps were uni
tary, thus measure preserving, and did not give rise to a fratal attractor.

The tetrahedral model was rst introduced in [9]. It was then examined
analytically and modelled numerically in a PhD Thesis by G. Jastrzebski
[3]. The model was further exploited in [10], where it has ber described in
some details, and where the Lyapunov exponent of the semigup generator
has been computed. The term QIFS has been introduced about tht time
on sci.physics.research newsgroup on internet. Recentlyhe term QIFS has
been adopted in [11] for another class of maps, namely for mapon the
space of all statistical states of a quantum system, with arlitrarily assigned
probabilities.
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