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Summary. We define automorphisms of the algebra of quasilocal observables of the free scalar

field of zero mass that correspoad to scale transformations in v--1 space-time dimensions. It is
" shown that these automorphisms are unitarily implemented in the representations constructed by
Streater and Wilde [3] for v=1. For v=3 we consider a family of vacuum representations and show
that the only vacuum representation that exhibits dilatation symmetry is the Fock one.

1. Imtroduction. In this paper we make some elementary comments on auto-
morphisms of observables corresponding to scale transformations. We consider
free scalar field of zero mass in v+1 space-time dimensions. Classically such a field
is described by solutions of the wave equation which is known to be invariant not
only with respect to the Poincaré group but also with respect to the conformal
group. This group acts on the Minkovski space in a locally causal way [1]. Its
subgroup consisting of the restricted Poincaré group and the positive dilatations
is known to be the group of all automorphisms of the causal structure of the Min-
kovski space [2]. We deal with this subgroup only. In Sec. 3 we show that the scale
transformations are unitarily implemented in the representations constructed by
Streater and Wilde [3] for v=1. We also consider a family of vacuum representations
which have been discussed by Streater [41 and Doplicher [5]. The scale transformations
are unitarily implemented in none of these representations except the Fock one.

2. The free scalar field of zero mass. a) Notation. Let M**! be av+1 dimensional
Minkovski space with (xq, ¥)=xe M**! and xy=2x,yo,—xp. We write (a, A)
for an element of ‘Pl-the restricted Poincaré group in M**?1, For every function ¢
defined on R’, ¢ (p) stands for the Fourier transform of ¢
#(D=0m)" [ p(F) e d'x.
Everywhere in this paper po=|p|=(55)"/%
b) The wave equation. The wave equation
O0¢(x)=0
is invariant under “PI. Let 4 (x) be the Jordan—Pauli invariant D-function
4G)=—i @)~ [ &(po) 6 (p?) €' d* 1 x.
[683]
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The solution of the Cauchy problem at x,=0 is given by
5 (x)= {A (x_y): 5 (y)}x0=0 ’

where
=L ERVEEN-GLENEL F 0 x

The set of real solutions ¢ (x) with & (%, 0), & (%, 0)eD (R") and f & (xy,0) dx, =0
for v=1 is denoted by 9*. For every open double cone %V in M**! we denote
by N (V) the set of all & e N such that & vanishes on V’'={x: xx V}. We
remark that the symplectic form {&,, &,} on ¥ is Poincaré inveariant and {£,, &,}=0
for & e N (V) with VY, x V,.

¢) The Fock space. The single-particle states are described by rays in H,;=
=12 (R, d” p/2p,). The Fock space “if, is the direct sum of the H-the space of
symmetric functions, square integrable with respect to the product measure

dvpl dvpn
2(p% T 2(0%0 " - ( h
The subspace Do, consisting of those we %, for which y™=0 for n

sufficiently large is dense in %¥,. For every Fe L? (R", d” p) the annihilation and
creation operators are defined in a standard way

dp’
(@E) ) (D1 s BY=Y+1 [ F(DYU D (B, Brs s Br) T

(@ EVW) (B o ) =VTZ V215 WD By v By s B -
The operators @ and a* satisfy the canonical commutation relations
[a (F), a* (F)]= [ F(D) F' (H) d"p
a* (Fy=a (F*)*
a(Fyw,=0 where vy,={1,0,0,..}

The action of the Poincaré group is given by

n

Uy (@ A) ™ (Py, or P..)=6Xp[i Zapf] YO (AT P s ATER).
Jj=1 -

d) The field. The field @ (k) is defined on D, for every he D (R*+1) for v>1.
For y=1 one has to restrict test functions by the condition A (0) 0, where 7 ( P)
is defined as :

E(p)=(2n)—v12f et h (x) A+t x

The set of real functions defined above is denoted by D, (R"“) and w1th hin O,
the field is given in terms of @ and a* by ' "

@ (1)=a ((2po)~*2 F () +a* (o)™ F* (7).
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The commutation relations [@ (x), @ (y)]=id (x—y) can also be expressed by
means of Weyl operators W, (h)=exp [i® (h)]. We get

Wo () Wy (h")=exp [i/2 {h, B'}] W, (B0,
where

(oY= [RE)AG—x) b () d*** xd"*1y.
Relaﬁvistic covariance of the field is expressed by
U (a, A) Wy (B) Ug (a, A)*=W, (h(u,/\))'
Since W, ()= W, (h') if A=h' it is convenient to map D (R**') into N* in such
a way that A=A’ implies &,=¢&,. The following map has this property

&)= [A—x)hG)d** y.
Also
{h, W'y =1{&,, &}

qat-and
and supp A< Y implies &, € N (V).

For every & e N let f(F)=¢ (%, 0) and g (F)=¢ (%, 0). Then the field & (£, 0) and
the canonical momentum = (g, 0) at x,=0 are defined by

1 .
®(f,0) =3 [a ((po)=12 F (D)) +-a* ((po) = F (H)*)],

5 0= =i Lo (@0 £ ()" (0 5.
We have
D (W=2(f,0)—n(g,0),
f@®=¢ %0,
g®=¢ (% 0).
e) The algebras of observables. For every & e N[ let
Wo ©)=exp[i (@ (f,0)—n (g, 0))].
_ The operators W, satisfy the Weyl commutation relations
sk Wo (&) Wo €)=exp [i2 (&, £ Wo (£4€).

ale
For every open double cone Y let A (V) be the von Neumann algebra generated
by W, (£) with & € ¥ (V). Then the algebras U (<) satisfy the following properties
@) if he D, (R**1) and supp A< <V the W, (h) € A (D),
() Uy (a, A) W (V)=U(A V+a) Uy (a, A),
(iii) % (V) 9§ (V) for Wx W,

C)ﬂ
iv) W (V) <A (V") for X,
C)ﬂ
(V) A=C* (|J A(Y)) is irreducible.
Cv



686 . A, Z. Jadezyk

3. The scale tramsformations. The wave equation is invariant with respect

to scale transformation: _—

=4 2 @A),

It is easy to see that }{¥ is invariant under these transformations and & e 0 ())
implies ¢, € N (A V). Moreover, the fundamental symplectic form {¢, &} is also
“invariant. Thus the map W, (§)-» W, (¢;) induces an automorphism C; of 9. -

Clearly C, [A (V)]=A (A V).

Let u, be the generating functional for the Fock representation:

2o (&)=(wo, Wo (&) wo))=exp [~ 1/4 ||£]*]
‘where

€ &)=Fs Fo)= [ Fe(§)* Fy (9)d’p
and the mapping V(¥ s ¢~ F.e L? (R, d’ p) is given by ’

Fe (P)=o)"* &(P)—i(po) 2 F (D). PN
Since the operator F;—F;_ is unitary it follows that s, is invariant under dilatation. /
.and therefore the automorphisms ‘C, are unitarily implemented on the Fock space.

Let now 7 be a representation of U on a Hilbert space 9(,. Let for each A>0

-a new representation 7, be given by 7, (4)== ('C, (4)). If U, (a, A) is a represen-
tation of »?! implementing the Poincaré automorphisms on 9, then ! is unitarily
implemented on C)f,tl too. It is sufficient to define Us, (a, AN)=U, (Aa, A). The
_generators of translations are given by (P,El)":,l (P,)* so, that the spectrum condi-
“tion holds for 7, provided it held for z (compare [6]). However, there are representat-
_ions satisfying spectrum condition with dilatation symmetry being broken. Intuitively,

.some scale of length or field strength is distinguished in these representations. We
_give below examples.

a) The Skyrme—Streater—Wilde model. The model proposed by Skyrme [7]
.and linearized and put into a rigorous mathematical framework by Streater and
"Wilde [3] deals with the zero-mass free scalar field in two dimensions (v=1). We
Jbriefly describe the relevant points.

Let 9T (V) be the set of real solutions of [ 8 (x)=0 with § € W (V). For every
Bel= U N (V) the transformations ™

C
Wo (&)—>e' @2 W, (&)

-induce an automorphism y of the algebra %. SW prove that the automorphisms y
Jead to a family of inequivalent representations 7, ; of ¥ parametrized by the two
-parameters a=40 (oo, 0) and =6 (0, co). We show that the scale transformations
.are unitarily implemented in all these ‘“‘charged” sectors. In fact, with &e IR,
BeN, 2>0 we obtain y,0C, [Wo (O]= Trops,~1 [Wo ()] and so y,0C,=
=T,o0 Vo, 4 However, since v=1, we have 6, (x)=0 (Ax) and therefore 6, (o0, 0)=

=80 (o0, 0) and 6, (0, 00)=6 (0, c0). It follows that =, 5o C,= 7,z which completes
sthe proof.
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b) Vacuum representations. Streater [4] has shown that there exists a degeneracy
of the vacuum for mass-zero scalar particles. In fact, let us define for each s, 7€ R

Wit (f, )= WO+l o (£ o),

Then (f, g)— Ws,. (f, g) is a representation of the CCR which is not equivalent to
the Fock one unless s=¢=0 (see e.g. [8], Th. 7.1). However, the Poincaré automor-
phisms are not unitarily implemented for W, , for ¢£0. In fact, for each time-
translation a, we get |g (0)—g,, (0)|=|a,] F(0) and the statement follows by the non-
continuity of the functional f—f(0) with respect to the norm we have introduced
on Y. On the other hand, f(0) is Poincaré invariant and for every bounded <V
one can find &op such that

W Q) =W, (sEp) Wo (&) Wo (sCa)* Y Ee WM (V).

Therefore the map W, (&)— W, (£) extends to an unique automorphism y, of the
algebra and defines new representation my= 7, oy, where 7, is the Fock one (see
- 1]) Clearly y, commute with all Ty, g € ] and therefore C,, is unitarily implemented
1n 7, by the same operators as in 7. In partlcular spectrum condition is satisfied in
all x;. All these representations coincide with the Fock one on a norm-dense subset
of N{* and differ from the Fock one for v>1 only. Modifying the arguments given
by Doplicher [5] one can show that the =g are the only vacuum representations
with spectrum condition satisfied (after assuming some smoothness of a (f; g)).
It is interesting to note that there is exactly one vacuum representation in which
scale transformations are implemented. This is the Fock one. In all other «, we have
broken scale invariance. In fact, we have fC,loys:y’l 1oy ©C,

L3
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A. 3. Snuwk, 3ameyannn o MaciuraGe npeoGpazoBanmii

Conepxane. B HacTosumedd paboTe ompemenensl asTOMOpOU3MBEI anreGphl KBa3W-TOKAIHHEIX
obcepsabieii [y 0CBOGOIHOTO CKANSAPHOrO MO HyTeBOH MACCEHI, COOTBETCTBYIOIMHE MACIITAa0-
HEIM IIpeo6pa3zoBaHdsM B OPOCTPAHCTBE — BpeMeHH v+ 1 u3mepenwit, IlokasaHo, YTO 9TH aBTO-
MOpPOHU3MEL UMEIOT YHHTAPHOE IPelCcTaBieHne, mocTpoennoe CrputepoM ¥ Yaitmpmom s v=1,
Ams v=3 B paboTe paccCMATPHBACTCA CeMEHCTBO BaKyyMHBIX HpeicTasjenmii., ITokazano, 4ro
€IMHCTBEHABIM BaKYyMHBIM IPENCTABACHUEM, HPOSBISIOIMKM MacITabHYI0 CHMMCTPHIO, ABIA~
erca PDoxoscKoe mpercTaBIeHHE,
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