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Abstract

We show that a complex vector bundle § — M, where M is a 4-dimensional real manifold
and the fibres of S are 2-dimensional, yields in a natural way all structures which are
needed in order to formulate a (classical) theory of Einstein-Cartan-Maxwell-Dirac fields.
Namely, all needed bundles and their fibre structures follow from functorial constructions
with no further assumptions. Any considered object which is not a functorial construction
is taken to be a field. This is true even for coupling constants, which arise as constant
sections of real line bundles derived form S.

In the above said context we also discuss to what extend one can give a formulation
which is not singular in the case of a degenerate vierbein.
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1 Preliminaries

We assume that the reader is familiar with the basic notions concerning linear connections on
real and complex vector bundles.

If X is any set and f : X — C then we denote by f the conjugate map, f(z) := f(z).

If V is a finite-dimensional complex vector space then we shall denote by VF and V*
its complex and real dual spaces, respectively. Moreover we shall denote by V¥ the antidual
space (i.e. the space of all antilinear maps V' — C), and by V := (VF)F the conjugate space
(then VF = VF). We have the (conjugation) anti-isomorphisms VF = VF and Vv = V.

Let (¢;) be a basis of V, a = 1,...,n, and (2%) the dual basis of VF. Then we have the
conjugate bases (Ca) = ((g) of V and (z%) == (2%) of VF. If v = v, and XA = A,2% then
7= 0%y and XA = 2% with % =%, Ay = A, - _

The (real) differential of a function f: V — R is a 1-form df : V — V*cVFeVF. In
coordinates we write df = aza dz® + af .dz%, namely we formally consider z® and 2z as real
independent coordinates.

Conjugation can be naturally extended to tensor products of the above spaces with any
number of factors. If 7 is a tensor then 7 has dotted indices in the place of non-dotted indices
of 7, and vice-versa.

A tensor w € V ®V is said to be Hermitian if w = w™, where © denotes trasposition. In
coordinates this means @"® = w®. We have the real decomposition VQV = HV @i HV
into Hermitian and anti-Hermitian subspaces.

If V is 1-dimensional then V 2 V2@ V1/2 where V/2 is its square root space, which
is unique up to an isomorphism. Similarly one defines VP for p € N, hence also VP for
p,q € N. If we set V! := VT, the power of a 1-dimensional complex vector space is naturally
defined for all rational exponents.

Note that, again if V is 1-dimensional, the Hermitian subspace HV C V®V is a 1-
dimensional real oriented vector space, and V = C® (HV)/2 (in the real case, roots of
positive semi-spaces are naturally defined for any selected orientation).

2 Two-spinor algebra

2.1 Two-spinor space

Throughout this section S will stand for a 2-dimensional complex vector space, called the
space of 2-spinors (see also [PR84, PR88, W84, HT85]). We have the real splitting

S®S=HgiH,

where H := H(S) C S® S is the Hermitian subspace.

We set A% := A2S. We identify A=2 := A?F with A2ST through the rule' w(sAs') :=
tw(s,s"), Vw € A2SF, 5,5’ € S, where sAs' = 3(sQs'—s'®s).

If w # 0 then it has a unique ‘inverse’ or ‘dual’ element w™! = wF such that w(w™') = 1.
We indicate by ” : § — ST the linear map given by (w’(s),t) := w(s, t), and by w# : ST — §
the linear map given by (i, w#(\)) := w1 (), u). Note that w# = —(w")~"

The Hermitian subspace of A2® A? is a real vector space with a distinguished orientation;
its positive semi-space will be indicated by L?, thus A2® A2 = C® L% Moreover we have
the square root semi-space L, characterized by L? 2 L® L.

In general, if r is a rational number then we define A”™ := (A?)"/2, hence A" ® A" = CQ L.
In particular we obtain (r = 1) the square root A of A2.

!This contraction, defined in such a way to respect the usual conventions in two-spinor literature, corresponds
to half standard tensor algebra contraction and 1/4 standard exterior algebra contraction.
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2.2 Bases
Let (C4) be a basis of S. We have the the following induced bases:
e The basis (o) := 0,*F(4 ® () of H, where the (c,4%)’s are the Pauli matrices.

e The dual basis (s* := s*, .2 ®2%) of H* C ST ® ST, where (s, ) is half the trans-

AB AB

posed A-th Pauli matrix.
e The basis (6) := 0,%,(4 ® 2%) of End(S) 2 § ® ST, where (6,) := (0)).
e The basis € := €452 A 28 of A2,
e The dual basis € := =1 = 2B, A (5 of A2,
e The basis |e|" := (e ®€)"/2 of L", with dual basis |¢|" = [¢~!|.
We shall also consider the mutually dual bases

(T = ﬁa)\) , (th = V235",

whose matrices are, respectively, Pauli matrices divided by v/2 and transposed Pauli matrices
divided by V2. We have

(5‘)\ o 5’;¢ = (77)4“/ +14 EOAM,,)(SWJ@',, = 2)\“,,5'0”(5',, = El\l[’&p s
where
Maw 1= Oxuby + 6yA05, + 6,03 — 26360,

is a totally symmetric symbol. Note that under exchange of two nearby indices X, trans-
forms into its complex conjugate. By convention, in the symbols 7y, , €xpp and Xy, , indices
are raised and lowered via 4, and 8. Some further useful formulas:

M M = 2(85 — 86 6)

Eonuw €M = 2(85 + 85 )

T DM =460 .

2.3 Conformal Lorentz structure

We are going to show that each element of L=2 can be viewed as a Lorentz metric on H.
This means that there is a natural conformal Lorentz structure on H.
The basis expressions of an element ¢ € L™! and its inverse ¢* := ¢! € L are given by

¢ = ¢|6| s ¢_1 = ¢_1 |E|_1 3

with ¢ € Rt. We now observe that ¢? can be seen as a bilinear form ge on S ® S, which for
decomposable tensors is given by

9o(p®q,r ®35) = ¢* e(p,r)E(q, 5) -

Then gy restricted to H turns out to be a Lorentz metric, actually we have the orthonormal
bases

(¢_1 T)\) s (¢ t)\) .
We have the coordinate expression

9o (u,v) = ¢y, uvH
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with v = u* 7, and the like, and
__ .~ AB_ oD = _1 3 y = — 945050
77)\M =Ty Tll‘ EacERBD — iaAABO'MCDEACEB‘D‘— 26)\6M_6)‘ll‘ ,
nAu — t)\AB' tlllCD.EACt:BD -9 S)\AB' SHCD.EACEBD — 258\5{; _ 5>\M .

The Lorentz metric g4 also determines, up to sign, a volume form 74 on H, with coordinate
expression
Mg =Lt ¢ enpp P ANt A AP = 2T ONEE A AL .

Observe also that g4 yields the map
95: 508 =+ S"®S" :peG— ¢$*'(p) @2 () ,

whose restriction to H is just the isomorphism H — H* induced by the non-degenerate
Lorentz metric. Moreover an element of S ® S can be viewed as a linear map S¥ — S, while
an element of ST ® ST can be viewed as a linear map S — ST. So we are led to consider the
map

16 :=V2(1+(g))"): S®5 — (S®5) & (5" ©S") CEnd(S® 5",
which on decomposable elements reads
16027 = V2 (p®7+ & (2 @' (D)) -

Then y4 restricted to H turns out to be a Clifford map

vY¢ : H = End(W) ,
where we set W := S @ S¥. We have the basis expression

Yo = V2 (1a + @) @1 = V2 (0 + 24" nu5") @ 5
We also consider the ‘contravariant’ Clifford map
,Yzé =Yg © gq;1 : H* —» End(W) ,
with basis expression
v =V2( M + ) e

Given 9y =u+a € W := S @ S¥ then its ‘Dirac adjoint’ isp =a+a€ ST ¢ § = WF.

It can be seen [CJ96] that given an ‘observer’, namely an element w € H such that
gp(w,w) = 1, then the quadratic map 1 — (1, v5(w)1p) is either positive or negative definite.
Thus H has a natural time orientation: we call future-pointing those unit timelike elements
which yield a positive quadratic map. For any basis of S, the induced element 7y turns out
to be future-oriented.

An element w € A2 is called ¢p-normalized if w® & = ¢, so that w = defe, t € R, and
w™l = ¢ le ¢!, Consider the antilinear map C, : W — W given by

Co(M+ a) i=w#(a) =@’ (M) =17 (¢~ e¥ () — p2°(T)) -
Then C, o C, = 1w, so C, is an anti-isomorphism.? We call C,, the charge conjugation
associated with w. Then we recover the usual fact that charge conjugation is unique up to an
overall phase factor (for fixed ¢).

2Since w# o w® = —1, if we took C, (M + a) := w¥(a) + @’ (M) then we would get C, 0 Cyy = —1yy .
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2.4 Lorentz structure

The fact that on H there is a natural conformal Lorentz structure, where the conformal factor
belongs to the unit space~L_2, can be reformulated as saying that there is a natural Lorentz
structure § on the space H := L™' @ H, namely

G(d1 ®v1, Py ®v2) = (1 ® Po)(v1,v2) := g4, 09, (V1,V2) ,

(since ¢, ® ¢, € L2). Note also that A2 = L~'® A2 and its square root A :== L™'/2@ A
are Hermitian 1-dimensional spaces.

Moreover we set U := L™ /2® S, so that H is the Hermitian subspace of U @ U.

A basis ({4 := |e|'/2® ¢4) of U turns out to be normalized, namely 2 ¢; A {y is normalized
with respect to the above said Hermitian structure of A2. A general normalized element
w € A™” has the expression w = €'t || "L ®¢, ¢ € R. Its inverse is w~! = e~it [¢| @ 7.

We introduce the basis (7)) of H := L~'® H and its dual basis () of H* = LQ H*
given by

= plel®@on=lelon , P =v2 @8t =l T oth.

These turn out to be orthonormal bases, namely

G=mut et Fl="Hed.
The volume form 7 on H determined (up to sign) by § has the coordinate expression
=t erwp  NFAT AP =HOANTAZALD .

Since an element of L' @ §® § = U ® U can be seen as a linear map UT — U, while an
element of L ® ST ® ST = U @ U can be seen as a linear map U — UT, we have a natural
Clifford map

§:=v2(1+@)) : H - End(W)

where? 5
W:=UoU'=(L'"?08) e ((L'?e8").

Its basis expression is
F=V2(H A+ md") 0P = V2 (1 + el 2@t @1
We also consider the ‘contravariant’ Clifford map
F# =70 g% : H* — End(W) ,
with basis expression
A = V2 F + @ = V2 (0 e 1, + P) @ Ty
Giveny =u+a € W := U @ UF then its ‘Dirac adjoint’ isp =a+ueUT U = WF.
Similarly to §2.3 we find a distinguished time-orientation of H. ~
A normalized element w € A~2 yields the antilinear map C, : W — W given by
Co(M+a) :=w? (@) —@" (M) =17 (le| @e? (@) — |e| " @& (N)) .

We have C,, ©C,, = 14, . Then C,, is the charge conjugation associated with w.

3More generally we can take W := L™ ® (U @ UY), with r any rational number.
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2.5 Bases transformations

In order to exploit the gauge symmetries of our formulation we deal with bases transformations
induced by a general base transformation of S§. The set of all bases of S is group-affine with
‘derived’ group GI(2,C), namely if we fix a basis ((4) then any other basis is given by

Ca=Ki¢s, (KJ)€Gl2,0).
Then we write the induced bases transformations. We obtain
e =detKle,
/] = Idet K|~ e,
7 = (0" KS R Sopy)
7 = Idet K|~ (0,07 K§ KE's) T
Thus, indicating by Kx the transformation matrix induced on the space X we have
Kp2 =detK ,
Ky = |det K| ,
K2 = |det K| ' det K = exp(iarg det K) ,
(Ke)y = o KS K] s",
K} = (Kg)i = |det K| (Kn)} ,

Ky = |detK|"Y? K .

Since GI(2,C) is connected we see that Ky and K preserve orientation, namely we have a
way of selecting ‘positive’ orientations on H and H': those orientations for which the ‘Pauli
bases’ (o)) and (7)) induced by any basis of S are positively oriented.

3 Two-spinor connections

We consider a 4-dimensional manifold M and a complex vector bundle § — M with 2-
dimensional fibres. Linear fibred coordinates are indicated by (z%,2*). According to the
constructions of the previous section, we now have several vector bundles over M, with smooth
natural structures. Moreover we have the semi-vector bundles L", with r rational. But observe
that, for given r, according to the bundle topology we may have no A™ = (A2)"/2, or we may
have one or more (not isomorphic) such bundles. Though these will not be essential to our
treatment, note that we obtain a unique A" by a suitable restriction of the base manifold.

We shall consider a complex-linear connection B on § — M, whose coefficients B, :
M — C will be also denoted by

B, :=Bloy, , (3.1)

with B) : M — C.
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3.1 Two-spinor connections and Lorentz structure

We shall be involved with the connections on A? and L induced by B. In particular we have
Ve=2(G, +1A,)dz" Q¢ ,
Vie| =2G,dz* @ e .
with G, , A, : M — R given by

Aa = 4LZ'(BaAA - BaA:q') = QLZ(Bg - ]_32) 3
Ga = i(BaAA + BaAA') = %(Bg + Bg)

Moreover,
Vo= (dlogd+2G)® ¢ .

By straightforward calculation, recalling (3.1) and the definition of the coefficients 3,
(82.2), one finds
Proposition 3.1 Let B be a complez-linear connection on S — M. The coefficients Bl of
the connection induced on S ® S, in the basis (1y), are given by

BaMA = 2(B; EVMA +B; EVM)\) .

Its coefficients being real, this connection is reducible to H.

Next we consider the connection I' induced on H := L~'® H. Its coefficients in the basis
(7») turn out to be 5
LM =Bf —2G, &, .
Again by straightforward calculation one finds that I is metric, that is V[[']§ = 0 (hence the
coefficients I ', are antisymmetric).
Proposition 3.2 We have
B/s = (Ga +i4a)6% + T, 5¢0,% .

So, B is completely determined by I' and by the connection induced on A2 (locally, A);
the latter, in turn, splits into its real part G (connec~tion on L) and its immaginary part A
(locally, the connection on the Hermitian line bundle A; later on, this term will be interpreted
as the electromagnetic potential).

The formula of proposition 3.1 can be expressed, by separating the ‘timelike’ index 0 from
‘spacelike’ indices (indicated by latin letters p, ¢, r,..), as

Go= 3B = L(BL+BY) ,
= 0, RO . 5
I‘aTq = (Ba + Ba)dg - Z(Bg - Bg)Equ s
I‘(/I,MO =By + Bg )
f‘aoq = (Bg + Bg)(qu ’
with By = B4, 8%,7, namely By = G, +iA,, By = ;T 2, 507
Similarly, proposition 3.2 can be expressed as
BaAB = (Ga + iAa) 6AB + (i ETS;D f‘a,Ts + %f‘apo) JPAB °
A further equivalent expression of the above formulas can be written in 4-spinor formalism
[CJ96] as 5
Fau)\ = gl“/ BaAB (71/ A 'Y)\)BA s
and ~
BaAB = (Ga + iAa) 6AB + ira)\“(')/)\ A 'YM)AB s
with 4, B =1,..,4.
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3.2 Two-spinor connections and gauge transformations

We are interested in seeing how the coefficients of the involved connections change under a
gauge transformation, namely a linear transformation of the fibre coordinates.
Let ¢, = K% (5. We obtain

B = (KTE Ky B, — (K3 0Ky
G =Gy — O, log|det K| ,

Al = A, — O argdet K ,

D'y = (K KLTY, — (K1)} 0K

3.3 Two-spinor curvature

If X —» M is any one of the bundles derived from S, then we indicate by Rx : M —
A2T*M ® End(X) the curvature tensor of the connection induced by B on it. First, we can
eagily calculate:

Ry =-2dGQ®1g ,
Rp2» = —2(dG +idA)®@ 1,2
Ry, = -2idA® 1%, ,

where 1x : M — End(X) denotes the identity endomorphism of X over M.
Next we see how the curvature tensor of a two-spinor connection B can be expressed in
terms of the curvature tensors of the connections induced on H, L and A? (see also [GP82)).

Similarly to (3.1), we indicate by P, := (Rs) s » (RH),, and RY, == (Rg) ", the
components of the curvature tensors of B, By and I := B 7 in the frames ({4), (o) and (%),
respectively. Moreover we set

A . DA A
Py's =Fg0x'g -

Then we obtain
(Ru)y\ = 2(Pp ) + PR 21
Rau)\ =P abu)\ —2(dG)a 6"/\ )
Py =—(dG +idA)gy 6% + s R, 50,0, .

Again we can re-express our results in terms of ‘timelike’ index from ‘spacelike’ indices.
In particular

PabAB = _(dG +1 dA)ab 6AB + (i Ersp Rast + % Rabpo) JPAB :
Moreover we have the equivalent 4-spinor expressions
R = 9" Pos (1w AN

and
Py = —(dG +idA) ey 0%, + LR (va Avu)4y

with 4,B=1,...,4.
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3.4 Unit space of lengths

An important simplification arises when the curvature tensor of the connection induced on L
vanishes, i.e. dG = 0. In that case we can ‘gauge away’ the conformal part of the connection,
namely we can take local bundle charts such that G = 0, namely local frames ({,) of S such
that V]e| = 0 (§2.2). Moreover we now have the distinguished set of constant local fields
M — L, so that we can regard the bundle L, at least locally, as a vector space, which we
identify with the unit space of lengths [CJ96, CIM95].

In other terms, the conformal structure of H can be now reduced to constant conformal
factors by taking only those fields ¢ : M — L~ such that V¢ = 0.

4 Soldering form (vierbein)

4.1 Algebraic properties

We consider a linear morphism 8 : TM — H, i.e. a section
0. M ->T"MQH
(all tensor products are over M). Its coordinate expression is
0 =0)7\®dz® ,

with ) : M — R. Note that we can write  : L* @ TM — H, so that we can view
as a ‘scaled’ soldering form, or vierbein. In general we wish to allow for the case when 8 is
degenerate, namely not an isomorphism.
From 6 we obtain the following objects
g=0"G: M - L’°QT*"MQT*M ,
n=01=7yA0: M - L'® N"T*M |,

v:=%00:TM — L® End(W) ,
with W = U@U" := (L~ /?x8)®(L'/?  8F). We have the following coordinate expressions:
9 ="y ) oy le| 2@ dz® @ da® |
n= % Expvp 07 04 6% 65 €]~ @ dz® A dzb A dz€ A da =
= 11 Exup €N 005 02 07 |e| @ € =
= det(6) |e| ' ®¢ ,
v=V20} [e|t @ (1) + mrut*) ® dz?

where ¢ := dz® A dz!' A dz? A d2®.

If and only if @ is non-degenerate, the above objects turn out to be a conformal Lorentz
metric, the corresponding (up to sign, unique) conformal volume form and a conformal Clifford
map.

The frame (7)) of H together with 8 yields the four 1-forms

0 == 0*t* = 0) dz® .
Iff 6 is non-degenerate these constitute a frame of T* M, the dual frame of
0y :=6""(1)) =650, ,

with 69 := (§71)2 .
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4.2 Vierbein and connection

Consider a two-spinor connection B and the induced connection I' on H. Let moreover 8 be

a non-degenerate vierbein and I' a linear connection on TM. We denote by I' 2, and T a)‘u the

coefficients of ' in the frames (d,) and (), respectively, and by f‘a)‘u the coefficients of T in

the frame (7). Then the condition V8 = 0 can be expressed in coordinates by either of the
two equivalent formulas:

faAM +2G, 5*M = P(}M , (4.1)
8aby — (T, +2Ga8%,) 08 +T 562 =0.
Then we obtain:

Proposition 4.1 Let B be a two-spinor connection and 6 a non-degenerate vierbein. Then
there exists a unique connection I' on TM — M such that V[ ®I']6 = 0.
Moreover we have V[['|g = 0.

We recall that the Frolicher-Nijenhuis bracket of By seen as a tangent-valued 1-form

By:H—->T"M®TH
H

and of §: M — T*M ® H seen as a tangent-valued 1-form
0:H—-T"MQVH
H

is a tangent-valued 2-form [M91]
[Ba ,0]: H — /\2T*M§VH :

with coordinate expression
[Br .0, = 0a05 — 8,0, — B, 04 + By, 0% =
= 0,00 — 00y — T, 08 + T, 0¢ —2G,0; +2G, 0, .
Moreover, note that [Bgr, 8] can be seen as a section
[Ber,0]: M = A°T*M @ H .

Proposition 4.2 The torsion of the connection ' of proposition 4.1 is given by

TIy60=[Bu,9,
or, in coordinates, T[] = T, £ dz° A dz¢ ® 0, with

A A
abc bz = [BH ’H]ab .

By the way we note that B’y := By + 6 is a ‘polynomial’ connection [MM91] of degree 1.
Conversely, any polynomial connection of degree 1 on H this splits canonically in the linear
part By and a vierbein . Moreover, By is a gauge connection of the conformal Poincaré
group.

If dG = 0 (§3.4), so that the conformal structure of H can be reduced to constant con-
formal factors, then also the conformal structure of TM induced by a non-degenerate 4 is
accordingly reduced to constant conformal factors (following [CIM95, CJ96] we call this a
‘scaled’ Lorentz structure). From V[I']g = 0 (proposition 4.1), we have that I" is now a metric
connection in the usual sense. Gauging away the field G corresponds to taking frames of H
and TM with constant scalar products gy, = ¢? M, V@ = 0. Furthermore, besides I' we
also have on T'M the metric torsionless connection induced by g. The difference between
these two connections is just the torsion of I'; which now reads

%00 =T ,0],5 = 8a0p — 00y — T, 00 + T, 01 .
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