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Introduction

In physics literature, Dirac's equation is usually introduced and studied on flat
Minkowski spacetime [1Z80, Ka61], while spinors have been extensively used
within the context of classical General Relativity [HT85, PR84, PR88, Wa84].
Generalization of the quantum theory to curved spacetime is not so popular,
perhaps because formulation of QFT on a curved background [BD82, Pro5]
encounters severe difficulties and even paradoxes. On the other hand, there exists
a rich mathematical literature about spinor structures and the Dirac equation on
curved spacetime and general Riemannian manifolds, based essentialy on the
language of groups and principal bundles [BTu87, BI81, BLM89, BTr87, Ge68,
Ge70].

Despite the abundance of available literature, the nonexpert reader who wishes
to understand the basic aspects of the relativistic physics of %—spi n particles— and
is not realy interested in mathematical generalizations — will be puzzled by the
not quite clear and, sometimes, misleading presentations found in the textbooks.
Even the initiated may have some difficulties in stating clearly all the precise
relations between the various objects appearing in the theory: which is to be
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viewed as fundamental and which as a derived object?; what does assuming a
given object precisely imply from the algebraic and dynamical point of view?,
why a charged spinor is not exactly a ‘spinor with charge’ (there is a subtle
involvement of the group Z»)?, and so on.

This presentation is intended as a setting-up of the fundamental mathematical
concepts needed for the Dirac equation in General Relativity. Our strategy is to
deal with a set of ‘minimal geometric data’, namely we present a formulation
containing no distinguished or chosen object devoid of a precise physical inter-
pretation. This is to be contrasted with usual matricial formulations, which tend
to mix different levels and different questions. Our language is essentially that of
vector bundles and connections on vector bundles. The principal bundle approach
isrecovered a-posteriori, the symmetry group being a group of automorphisms of
the assumed structures. Actually, we recognize that principal bundle techniques
are invaluable for many purposes, but we also observe that several essential fea-
tures of the theory of connections, which are commonly attributed to principal
bundles, can be formulated with greater generality — and even simplicity — at a
more basic level.

At the algebraic level, the fundamental objects are the complex vector bundle
W of ‘4-spinors’ over general relativistic spacetime M, a Dirac map* v: TM —
End(W) and a Hermitian 2-form & on W, with signature (2, 2), commuting with
~ (this is essentialy the ‘Dirac adjoint’ map usualy denoted by ) — ). The
group of automorphisms turns out to be a kind of complexified Spin group,
which in mathematical works is often denoted by Spin© (here is the involvement
of the group Z,). Namely, this structure is weaker than the usualy assumed
spinor structure, but we argue that it is completely sufficient for describing all
physical facts. Assuming a proper spinor structure amounts to fixing a ‘charge
conjugation’ C or, equivalently, a symplectic form ¢ of a certain type on W. At
the purely algebraic level, there is no stringent motivation to regard any one
of the three objects, k£, C and ¢, as more fundamental than the others; if one
is fixed, the others are determined up to some factor. But a factor which may
change from point to point is a physical field; the connections which preserve
our Spin® structure contain the electromagnetic potential in a natural way, with
correct gauge transformations. Fixing C or ¢ yields a global 1-form A, which is
too much. So, by assuming given C or ¢, we would get an unnecessary extra-
structure. Similarly, fixing a positive Hermitian metric on W is equivalent to
fixing an observer, so this is an unnecessary extra-structure too. We also stress
that the 2-spinor approach turns out to be completely equivalent to our weakened
4-spinor approach. In particular, note that in W = S& S*, where Sis the 2-spinor
bundle, % is just a natural contraction.

A language which is not based on principal bundles in an essentia way,
besides being suitable for the kind of clarification we seek, may suggest gen-

* This yields what is aso caled a ‘module of Clifford algebras'.
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eralizations which, in the principal bundle context, are hardly attainable. For
example, one could alow for k£ to become a dynamical rather than a fixed and
static object. This would mean that the gauge group itself can be a dynamical
variable and need not be constant throughout spacetime. In such a case, standard
principal bundle techniques will apply only in some regions.

Similarly, it is easy to generalize our formulation in such a way as to allow
discussion of spacetimes with a degenerate metric of nonconstant rank and no
requirement for the existence of Spin® structures [CJ96]. Such a formulation of
the dynamics may prove to be necessary in those approaches that strive to include
guantum fluctuations of the metric. The ‘classical’ approach is not suitable for
this purpose.

Even if an expert may find that we presented no essentially new mathe-
matical results, our consistent scheme is not at all a trivial consequence of
known facts. The paper can be seen as a self-consistent alternative introduc-
tion to the Dirac equation of %-spin particles. The reader is supposed to have
some familiarity only with the very basic concepts concerning (real and com-
plex) vector bundles and connections, which are briefly recalled in the first sec-
tion.

PART I: PRELIMINARIES

1. Some Essential Mathematics

In this section we summarize the main prerequisite concepts and notations.

1.1. TANGENT SPACE

The tangent bundle of a manifold M will be denoted by TM — M. A loca
chart (z}) of M yields the local chart (z*,4*) of TM, the local basis of vector
fields (9z) and the dual local basis of forms (dz*). The tangent prolongation
ofamap f: M — Nisthemap Tf: TM — TN with coordinate expression
Tf=0\fld*®(9;e f).

A manifold F is said to be fibred over the base space B if it is equipped with
a surjective map p: F — B whose rank equals the dimension of B. A bundle is
a fibred manifold which can be covered by local triviaizations defined on open
‘tubelike’ subsets.

A chart (z*,47) of F is said to be fibred if the coordinates =* depend only
on the base space. A fibred chart of F yields the local frame of vector fields
(0, dy;) and the dual local frame of forms (dz*,dy’) on F. Hence, we aso
obtain the chart (z*,%; &%, %) of TF.

The vertical subbundle VF C TF is constituted by all vectors tangent to the
fibres and is characterized by the equation (i* = 0). Thus, a vector field X is
vertical iff Tp(X) = 0, i.e. iff its coordinate expression is X = X7dy;.
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1.2. JET SPACE

The jet space at « € B of the fibred manifold p: F — B is defined to be the
set J.F of al egquivalence classes of sections s: B — F which have the same
value s(z) and the same derivatives 0s'(x) (this condition is independent of
the particular chosen chart). The jet space JF is the union of all J,F for z € B.
We have the natural fibred chart (z*,v7,3) of JF, and the jet prolongation
js: B — JF characterized by the coordinate expression (y7, y3 )ojs = (s7,0\s7).
We can identify js with T's: TB — TF, which projects over 1,5. Accordingly,
we can regard JF asthe subbundle of 7B @ TF whose elements are projectable
over 175 € T*B®gTB.

If p» F' — B is another fibred manifold, then the jet prolongation of a fibred
map f: F — F’ isthe fibred map Jf: JF — JF’ with coordinate expresssion
Yo Jf =onfT + yhonfl.

We have a natural isomorphism JVF = V JF, which is immediately read as
coordinate ‘exchange' in the respective fibred coordinates (z*, v/, 97, v}, 93) and
(x*, v, y%, 9%, 9%). This fact allows the jet prolongation of any vertical vector
field v: F — VF to a vertica vector field v/ = Jv : JF — VJF, with
coordinate expression v’ = v/ dy; 4 (Oxv? + y}dpv7)dy;. This construction can
be generalized [MM83b] to the jet prolongation of any vector field on F.

1.3. CONNECTIONS

There are severa equivalent ways to define the concept of a (possibly nonlinear)
connection on a general fibred manifold [Ga72, Ko84, MM83a, M091].

In general, we present a connection on a fibred manifold F — B as a sec-
tion ¢ F — JF which, via the natural inclusion, can be seen as a horizontal
prolongation ¢: F — T*B ®gTF, whose coordinate expression is of the type
¢ =dz? ® (Oz + ¢, dy;), with ¢,”: F — R,

The associated vertical projection is v.: F — T*F e VF, with coordinate
expression v, = (dy? — ¢,” dz?) ® Jy; .

The covariant differential of a section s: B — F is defined to be the section
Viels '=js —cos =Tsiv:: B — T*B®gTF, with coordinate expression
Vis! = 0hsd — ¢ os.

The curvature tensor of the connection ¢ is defined to be the tensor field
R[d): F — A%(T*B)®@eVF characterized by R[c](u,v) = 3([usc, vad —
[u,v] uc) for any two vector fields u,v: B — F. Namely, the curvature tensor
‘measures’ how much the horizontal prolongation ¢ differs from being a mor-
phism of Lie algebras. Its coordinate expression is R[c| = RMJ dr M Ad* @ dy;,
where RM] = (9[/\0;] + c[fahc/f].

If F — B isavector bundle, then JF — B also turns out to be a vector bun-
dle. A connection ¢: F — JF isthen said to be linear if it is a linear morphism
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over B. In linear fibred coordinates this means ¢,” = ¢, y* with¢{,: B — R.In
the domain of agiven linear fibred chart (a ‘gauge’) we have the endomorphisms
cx: B — End(F) whose matrix expressionis (c{, ).* Local expressions of covari-
ant derivatives can be conveniently expressed through these, e.g. Vs = Oys—cys
where 0y s denotes the covariant derivative of the trivial connection induced by
the gauge (that whose coefficients vanish in the gauge). Similarly, the expression
of the curvature tensor can be written Ry, = 9\c,) — ¢acyy-

1.4. COMPLEX SPACES

If X isany setand f: X — C then we denote by f the conjugate map, f(z) :=
f(x).

(L)et U be an n-dimensional complex vector space. Then U is also a 2n-
dimensional rea vector space. We shall denote by U* and U* the complex
and real dual spaces, respectively. Moreover we shall denote by U* the antidual
space, i.e. the space of al antilinear mapsU — C. We have the (conjugation) anti-
isomorphism K: U* — U*: X — A, and the natural inclusion U* C U* @ U*.

The conjugate space of U is defined to be U := U** = U**. Conjugation,
denoted again by K, is an anti-isomorphsim U** =~ U — U: u — u. We have

Ux =« U* = U*, — U*x=U*=U*

Let (¢,) beabasisof U, a =1,...,n, and (%) the dual basis of U*. Then
we have the conjugate bases ((,.) := (C;) of U and (2%) := (z%) of U*. If
uw = u, and X = A2 then @ = a%(, and X\ = A\, 2% with % = u@,
Ao = Aa.

The (rea) differential of a function f: U — Risalformdf: U — U* C
U* @ U*. In coordinates we write

of , 0. Of a
df = o dz +ﬁdz ,
namely, we formally consider z* and z% as real independent coordinates (see for
example [We80]).

Conjugation can be naturally extended to tensor products of the above spaces
with any number of factors. If T is atensor then 7 has dotted indices in the place
of undotted indices of 7, and vice-versa.

A tensor w € U® U issaid to be Hermitian if w = w', where T denotes trans-
position. In coordinates this means w*" = w® . We have the real decomposition
U®U = H @ iH into Hermitian and anti-Hermitian subspaces.

A Hermitian 2-form is a Hermitian tensor h € U* @ U*. The associated
quadratic form u — h(u, u) is real-valued. The concepts of signature and nonde-
generacy of Hermitian 2-forms are introduced similarly to the case of real bilinear

* These are also the components, in the considered gauge, of the connection forms introduced
in the principal bundle approach (see [CC91l, CC91Il] for a detailed comparison).
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forms. If h is nondegenerate then it yields the anti-isomorphisms 7°: U — U*,
h# = (h*)~1: U* — U, where h’(u) = h(u,.) = hq 0% ¢, and the isomor-
phisms #”: U — U*, h*: U* — U. The Hermitian conjugate of f € End(U) =
U® U* with respect to & is defined to be f1 := n* o f* o B € End(U), where
f* € End(U*) is the transpose of f.

2. Units of Measurement

We briefly present the ideas which allow a general and rigorous formulation of
physical units [CIM95, IM92].

Observe that homogeneous units can be added and multiplied by real num-
bers; in some cases, however, no zero unit exists and only multiplication by
positive real numbers is allowed. Then we are lead to define a unit space as
a one-dimensional semivector space, i.e. as a semifield U associated with the
semiring R™ (the axioms are analogous to those of vector spaces, with the only
difference that U and R™ are additive semigroups and not groups). Moreover,
a unit space is said to be positive if the multiplication by numbers cannot be
extended to either RT U {0} or to R. Thus, a unit space is a vector space,
or a positive unit space, or a positive unit space extended by the zero ele-
ment.

Several concepts and results of standard linear and multilinear algebra can
be easily repeated for unit spaces. The main caution to be taken is to avoid
formulations which involve the zero element.

In particular, we can define the tensor product (over R™) of unit spaces;
the tensor product (over R™) of a unit space and a vector space naturally
becomes a vector space. Also, we can define the R*-dual U* of a unit space
U; then we obtain the natural identification U ® U* = R*. Furthermore, we can
define in a natural way the ‘root’ unit space UY" of U, for any positive inte-
ger r.

In order to write formulas similar to the standard ones of physics, we use a
‘number-like’ notation for unit spaces. Namely, if V is a vector spaceand u € U,
v € V, then we write uv for u® v; accordingly, we set U? := U®U and the
like. Moreover, if U is a unit space which does not contain O, then we write
U~! = U* and denote by 1/u € U~ the dual element of v € U.

We shall assume as fundamental unit spaces the oriented vector space T of
time units, the positive space L. of lengths and the positive space M of masses.
Quantities possessing physical ‘dimensions’, like spacetime metric and electro-
magnetic field, will be described mathematically as ‘scaled’ fields, namely as
sections of tensor bundles tensorialized by unit spaces.

We shall attach to each particle a mass m and a charge ¢, where

meM, gqeQ:=T®L¥2gMY2
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Moreover, we shall postulate two universal coupling constants,* namely the speed
of light and the Planck constant

ceT*®L, heT QLZQM.

PART II: SPINOR ALGEBRA

First we summarize some of the main facts about the Dirac algebra [Ch54, Cro0,
Gr78, HS84, St94]. Then we introduce complex spinor structures and spinor
structures at the algebraic level and study some of their main properties.

3. Clifford Algebra of Minkowski Space

We assume (V, g) to be a Minkowski space, namely V to be a four-dimensional
real vector space and g € V*® V* a Lorentz metric with signature (1, 3). The
Clifford algebra C(V, g), henceforth denoted simply by C, is the associative
algebra generated by V where the product of any u,v € V is subjected to the
condition

uv+ovu=2g(u,v)1

(this is equivalent to vv = g(v,v)1 Vv € V). The Clifford agebra fulfills
the following universal property: if A is an associative algebra with unity and
~v: V — A is a Clifford map, namely a linear map such that

’7(’”) /7(’0) = g(v, U) 1, veV,

then v extends to a unique homomorphism 4: C — A. Namely, the image of
4, together with the restriction of the algebra product of A, turns out to be an
algebra isomorphic to C.

It can be proved that C is isomorphic, as a vector space, to the vector space
underlying the exterior algebra AV. The isomorphism is characterized by the
identification

Avr ... vp) S v A Ay,

where A stands for the antisymmetrisazion operator defined by

1
Z 8(7T) Ur(1) - - Uﬂ(p);

A(Ul...l}p)za g

the sum is extended to all permutations of the set {1,...,p} and £(7) denotes
the permutation’s sign. In other terms, we have two distinct algebras on the same

* We are not concerned with Newton's gravitational constant since we deal only with given
background gravitationa field.
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underlying vector space. Any element of C can be uniquely expressed as a sum
of terms, each of well-defined exterior degree. In particular

uv=uAv+g(u,v), u,veV.

From this one sees that the Clifford algebra product does not preserve the exterior
algebra degree, but only its parity. Namely C is Z,-graded.

Also, let ¢ € A"V, 8 € AV, r < s. Then the Clifford product ¢ 6 turns
out to be a sum of terms of exterior degree r+s, r+s—2,...,r—s, from¢ A 0
to (—1)"=1/2,0. In particular, for any chosen orientation of V consider the
unique g-unimodular positively oriented volume form 7; then

vn =-—-nv=x%v, vEV,
nn=-1

If v: V — AlisacClifford map, then 4, being an injective vector space morphism,
transfers onto its image also the exterior algebra structure. In particular, for
decomposable elements of exterior degree 2 we aobtain

(3.1)

Yu Ay = F(uAv) =5 [ ] = 3 (W = Yo )-

Also, note that 4 yields a homomorphism Cl:) — ALl of the commutator-induced
Lie algebras.

4. Fundamental Groupsin the Clifford Algebra

Let C* be the group of al invertible elements of C. The adjoint action of C*
on C is defined by

Ad(A)(®) ;= A®A™L, AeC*, deC.

The Clifford group Cl = CI(V, g) is defined to be the group of al invertible
elements of C for which V C C is stable under the adjoint action. It turns
out [Cr90, Gr78] that Cl is (multiplicatively) generated by all v € V such that
g(v,v) # 0. Namely any element of Cl is of the form 6 = vyvy...v,, with
v; € V, and its inverse is given by 671 = 1/v(0) v, ...v2v1 where v(0) :=
g(v1,v1) g(v2,v2) ... g(vn, vy). We have the subgroup CI' C Cl characterized by
v(f) > 0 (i.e. 6 € CI" iff it has an even number of Clifford factors with negative
square) and the subgroup CI* c Cl constituted by all even-degree elements. We
aso set CI™1 :=CIT N Cl'.

We shall denote by Spin C Pin C Cl the Spin and Pin subgroups. Namely Pin
is the group (multiplicatively) generated by all v € V such that g(v,v) = +1,
and Spin := Pin™ is the subgroup of Pin constituted by all even-degree elements.
ThenCl = RT xPinand CIT™ = R* x Spin. We set Pin' := PinNCl" and Spin' :=
SpinNClT =PNNCITT. If § =vivs...v, € Pinthen 671 = +u,, ... v v1, and
the plus sign holds if 8 € Pin'.
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We shall denote by L(V) := O(V, g) the (full) Lorentz groupand by L+ (V) :=
SO(V, g) its specia (i.e. orientation preserving) subgroup. Let v € V be such
that g(v,v) # 0. Then one easily sees that Ad(v) is the negative of the reflec-
tion through the hyperplane perpendicular to v. From a well-known theorem
[Cro0, Gr78] it then follows that the adjoint action restricted to Cl is a group
epimorphism onto the Lorentz group. The restriction to Pin turns out to be a
two-to-one epimorphism Pin — L(V), while the restriction to Spin turns out to
be a two-to-one epimorphism Spin — Lt (V).

Furthermore, from the above recalled interpretation of Ad(v) as a reflection
one sees that Ad(v) preserves time-orientation iff g(v,v) > 0. It follows that CI'
is the subgroup of Cl which preserves time-orientation, and the same holds for
the other ‘up arrow’ subgroups. In particular, Spin' turns out to be the double
covering of the special orthochronous Lorentz group L*'(V).

Clearly, al the above introduced groups are Lie groups. In general, we shall
denote by £(G) the Lie algebra of the Lie group G. We have (see [Cr90], Ch. 6)

g(C*) = Ccbl,

£(Cl) = g(ClIT) = g(Cl") = g(CI™T)
= R® A2V c Cll,

£(Pin) = £(Spin) = £(Pin") = £(Spin')
= A2V c Cbl.
The double covering Pin — L(V) determines a Lie agebra isomorphism. If

A € £(Pin) and \ € £(L(V)) are corresponding elements and (e,,) is a basis of
V we have

A= %5\5 g euNey. (4.2)

5. Dirac Algebra
By W we shall denote a four-dimensional complex vector space. Let
v: 'V — End(W): v - 7, = v(v)

be a Clifford map. Then D, := 4(C(V, g)) C End(W) is a rea vector algebra
called the Dirac algebra generated by v. We have C® D, := D, @ iD, =
End(W).

The Dirac algebra has the canonical element ~,, := 4(n). Since %27 =-1,we
have a splitting W = S@® S’ into the direct sum of the (complex) eigenspaces
of i, with eigenvalues +1. We call this the chiral splitting, and S and S’ the
chiral subspaces of W.
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PROPOSITION 5.1. The Clifford map v exchanges the chiral subspaces, i.e.
Vv € V we have 7,(S) = S, 7,(S) = S. If g(v,v) # 0, then the restrictions of
v, to Sand S are isomorphisms.

Proof. From (3.1) we have v,v, = —7v, 7, hence v, (1 —iv,) = (L4 ivy)ve
and v, (1 +47y,) = (1 —4yy,)v.. The second statement follows from ~,y,(1s) =
g(v,v) Ys. O

From the above proposition, it follows immediately that the odd part of D,
exchanges the chiral subspaces, while the even part leaves them invariant.

If (e)) isabasisof V, then one sets ) := (e, ). In physics texts, one usually
takes an orthonormal and positively oriented basis, and sets 5 := —ivoy1y273.
Then y5 = —iy,.

The natural extension 4 of the Clifford map ~ sends the subgroups of C*
introduced in Section 4 to subgroups of the genera linear group GI(W) of all
complex automorphsims of W. Moreover, each of these restrictions of 4 turns
out to be a group isomorphism. Hence, when no confusion arises, we may just
identify Pin = 4(Pin), Spin = 4(Spin) and so on.

Let G € C* be any of these subgroups. We have the natural ‘complexified’
extension G¢ C GI(W) constituted by al elements of G multiplied by a phase
factor, namely

G¢ 1= U(1) x G:= (U(1) x G)/~ = (U(1) x G)/Zs,

where ~ isthe equivalencerelation (), 0) ~ (X, 0) < A0 = N6'. Thelast equal-
ity follows from considering the subgroup of U(1) x G generated by (—1,—-1),
which is a hormal subgroup isomorphic to Z,. Explicitly, we have*

Cl¢:=U(1) x Cl := R* x U(1) x Pin:= R™ x Pin°,
Clte:=U(1) x CIT := RT x U(1) x Spin:=R* x Spinc,
Clic:=U(1) x CI" :=R* x U(1) x Pin' ;= R* x Pin'¢,
CltTe:=U(1) x CI"T := R" x U(1) x Spin' := R* x Spin'®.
We have the Lie algebras
£(CI°) = g(CIte) = g(Cl'°) = g(CItT9)
= C®4(A?V) c Endl(w),
£(Pin®) = £(Spin“) = £(Pin'¢) = £(Spin' )
= iR ®4(A2V) c Endbl(W), (5.1)
£(Pin) = £(Spin) = £(Pin'") = £(Spin')

= 4(A2V) ¢ Endbl(w).
* Pin® and its complexified subgroups are also called ‘torogona groups [Cr90].
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From the definitions, it follows that CI¢ is the group of all elements of GI(W)
for which (V) is stable under the adjoint action. Then we introduce the map
¢: Cl¢ — End(V) defined by

v(p(A)w) = Ad(A)(v(v)) := Ay(0)A™L, v eV, AeCI

Hence, ¢ is a group epimorphism Cl¢ — L(V), as well as its restriction to Pin°.
The restrictions of ¢ to Cl*™¢ and Spin© turn out to be group epimorphisms onto
LT (V). Then we see that the subgroup L(V) x., Cl¢ ¢ L(V) x CI¢ constituted
by al elements of the form (¢ (A), A) can be identified with Cl¢ itself. Similarly
LT(V) x, ClTex=Clte,

Note that v can be seen as an element of V* ® End(W). Then the natural
action of (A,A) € L(V) x CI¢ on v isgiven by (A,A)*(y) = A1 (yo A)A. In
particular, the action of (¢(A),A) = A € CI€ on + is given by

A() =AM (yep(A) A =ATTAyATIA = .
Namely, we obtain

PROPOSITION 5.2.

(8 The group of all automorphisms of (g, ) is Cl¢.
(b) The group of all automorphisms of (g,7,~) is CI*¢.

Moreover, we have the time-orientation preserving subgroups Cl'¢ and Cl*7¢,
The isomorphism (4.1) between the Lie algebras of Pin = 4(Pin) and of L(V)
can be read as A = M g”” v, A 7. In physics texts, this is usually written as

A= —%X‘“’ ow, With oy, = % Vs Vo] = 70 A Yo

Let A € L(V) be a Lorentz transformation. Then o A is a new Clifford map
which has the same image and yields the same chiral splitting as . Namely, we
have an equivalence relation between Clifford maps, where two Clifford maps are
regarded as equivaent iff they are related by a L orentz transformation. Moreover,
(ve A), = £, where the plus sign holds iff A € LT (V).

We have the following characterization of the family of Clifford maps with
given canonical element.

PROPOSITION 5.3. Up to a Lorentz transformation, any Clifford map 4 having
canonical element 7, = -, is of the form

7 =cos(z)y+sin(z)yvy,, ze¢cC.

Proof. Since 7, = ,, 7 anticommutes with ~,, so its expansion in terms of ¥
contains only odd-degree terms. Namely, there exist two linear maps A4, B: V —
C ® V such that

Y=7°A+ (v B)y,
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For each v € V, we obtain

'71) :YU = (’YA’U YAv + VYBv ’YBU) + (’YA’U YBv — YBv ’YAU) Tn-

Since 7 is a Clifford map, the second term in the right-hand side has to be zero.
Hence, Av «x Bv Yv € V. If A = 0, then obviously B has to be a Lorentz
transformation, so our statement is true with z = /2. If A # 0 then A must be
injective for 4 to be injective. It follows B = b A with b € C. We now have

g(v, U) = ’?v :YU = (1 + bz) (fYAU ’YAv) = (1 + bz) g(AQ), AU)

Hence, b # +i and v/1+ b2 A = A, where A is aLorentz transformation. Letting
cosz = 1/v/1+ b2 and sinz = b/+v/1+ b2, we obtain the stated expression. O

Conversely, one easily sees that the expression of the above proposition for 5
yields a Clifford map for any z € C.

6. Algebraic Complex Spinor Structures

An agebraic complex spinor structure on the Minkowski space (V, g) is defined
to be a complex two-dimensional vector space W together with a Clifford map
v: V — End(W) and a Hermitian form k € W* @ W* fulfilling k(v,¢,v) =
k(¢,v1) foralv e Vand ¢, € W. Thenwe aso have k(vy, ¢, ) = k(¢, vn1).
We shall denote by k°: W — W* the anti-isomorphism given by k°(¢) =
k(¢,_), and set k¥ := (k")~1: W* — W. A similar notation will be used for
other invertible 2-tensors.

Remark. In physics texts, usualy, there is no explicit notation for k. Instead
one finds the notation 1) which is our &”(z)).

PROPOSITION 6.1. Each chiral subspace is a maximal totally k-isotropic sub-
space.

Proof. We have ko ((1+dvy,) x (L+ivy,)) = ko (1 —iy,) x (L —iv,)) =0,
so Sand S are totaly isotropic. Then the index of k (see [Cr90], prop. 1.2.10)
isdmS= 2. O

PROPOSITION 6.2. The maps
S— S*: S'—>k‘b(8)|5/, S — S*: s'»—>kb(s')|s,

are anti-isomorphisms.

Proof. Since S and S* have the same dimension, we have to show that from
k’(s))g = 0 it follows that s = 0. Let k(s,s’) = O for each s’ € S. Since
k(s,t) = 0foreacht € Sand W= S® S, we have k(s, ) = 0 for each ¢ € W.
Because k is nondegenerate, we have s = 0. O
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PROPOSITION 6.3. Let U C Sbe a one-dimensional subspace. Then there exists
a unique one-dimensional subspace U’ C S such that k(U,U’) = 0.

Proof. Uniqueness. Let w € U, v’ € S, k(u,u’) = 0. Then (see the above
proposition) there is no ¢ € S linearly independent from «’ such that k(u,t'),
so U’ is unique and is the space generated by '

Existence: Let u € U and take any two linearly independent elements s, ¢’ €
S. Then v/ := k(u,t') s’ — k(u, s") t’ fulfills k(u,u") = 0. i

The subspacesU, U’ of the above proposition are said to be mutually &-conjugated.

PROPOSITION 6.4.

(& The group of all automorphisms of (g,~, k) isPin'c.
(b) The group of all automorphisms of (g,7,, k) is Spin' €.

Proof. Let ¢ := pfy...60, € CI¢, with ; € v(V), p € C*. Then
ko (¥ x9)=jpko((01...0,) x (01...0,)) =+puk,

where the plus sign holds iff 81...6,, € Pin'. O

We see that there is a strict relation between k& and time-orientation. We shall
clarify this point in Section 10.

We shall be involved with the following description of the family of all
complex spinor structures for given £ and ,).

PROPOSITION 6.5. Up to a Lorentz transformation, any Clifford map 4 having
canonical element 7, = ~,, and such that (7, k) determines an algebraic weak
spinor structure is of the form

¥ = £cosh(y)y +isinh(y)yv,, yER.

Proof. Inserting the expression for 4 givenin Proposition 5.3 into the equation
ko(4x1) = ko(1x4), weobtain theconditionsin(z + z)/2 = 0,i.e. z = nr+iy
with n € N. For even n obtain the stated expression with the plus sign, while for
odd n we get an overall minus sign which, in the second term, can be included
iny. |

Note that the Clifford maps fulfilling the hypotheses of Proposition 6.5 are divid-
ed into two disconnected classes, according to the sign of the first term in the
expression of 7.

PROPOSITION 6.6. Two Clifford maps ~¥ and ~¥', fulfilling the hypotheses of
Proposition 6.5, are in the same class iff for any timelike v € V one has

Ve e ve > 0.
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Proof. Let v € V. We obtain 4¥7¥ +~¥' 7% = +2 cosh(y + /) g(v,v), where
the plus sign holds iff 4¥ and +¥" are in the same class. O

We then see that the two classes of Clifford maps can be put in one-to-one corre-
spondence with time orientations of V. Thus, we shall call them time-orientation
classes. In Section 10, we shall see that there is a distinguished way of choosing
this correspondence.

7. Special Bases

Let (¢1,¢2) beabasisof S. Then there exists aunique basis ({3, (4) of S' such that
Ca 1S k-conjugated to (1, (3 is k-conjugated to (2, and k((1, (3) = k((2,(a) = —1.
In other terms, (k"(C1),k”(¢2)) is minus the antidual basis of ((3, ¢4). We call
(o) a=1,...,4, ak-normal basis of W (not orthonormal!), and we indicate
by (z%) the dual basis. Then we have the coordinate expressions

k=-72'022 -2 - 22024 - 72 ® 2%

Yy =i (@A + Q@22 — e — Gef).
We see that & turns out to have signature (2, 2).

Using abasis of 17 we can prove the existence of an algebraic complex spinor

structure. First, any basis determines a Hermitian 2-form & via the expression
(7.1). Now, chose an orthonormal basis (e ) of V and consider the map v: V —
End(W) given by

Y0 1="(e0) = —(1®2° - L4 — Gt -Gl

mi=qle) = —a®2* -2+ G2+ (ot

2 i=(e2) =i - 2 - (el + ot

Y3 = ’7(63) = —<1®Z3+ <2®Z4+ C3®Zl - (4@22,
namely the matrix expression of v is

(0 —(0) (0 ()
(70) = <_(UO) 0 ) ) () = <(Uj) 0 ) ) (7.3)

where (o)) denotes the Ath Pauli matrix. Then, it is easy to check that (k,~)
constitute an algebraic complex spinor structure. The expression (7.2) or (7.3) is
called the Weyl representation, and (¢,) is called a Weyl basis. Since the Pin' ¢
group preserves the given algebraic complex spinor structure, any of its elements
sends (ey) and (¢,) to new bases (¢}, ) and (¢}) in which (v, k) is again expressed
by the Wey!| representation.

LEMMA 7.1. Let (ey) be a positively-oriented orthonormal basis of V, and let
(Ca)s (¢q) be k-normal bases of W. Let v and 4 be the Clifford maps whose
expressions, in these bases, are given by (7.2). Then v and 4 are in the same
time-orientation class (Propositions 6.5 and 6.6).

(7.1)

(7.2)
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Proof. Since GI(2, C) is connected, there is a continuous curve, valued in the
space of all bases of V, joining ({,) and ({,). This yields a continuous curve
joining v and 4. Since the two time-orientation classes are disconnected, ~ and
4 are in the same class. O

By a straightforward calculation one checks:

PROPOSITION 7.1. Any algebraic complex spinor structure can be expressed,
in suitable bases of V and W, by (7.1) and (7.2). More precisely, let () be
any k-normal basis of W and (e, ) a positively-oriented orthonormal basis of V.
Then there is a unique y € R such that the k-normal basis

(1= e, (2 = e ¥/%,, (3= e/, Ca=e'?,
is a Weyl basis associated with (e ).
We can recover the familiar Dirac representation as follows. Since (y0)? = 1,

~o determines a splitting of W into subspaces with eigenvalues +1, projections

p(jf = %(1 +70). Applying these projections to the elements of a Weyl basis we

find a basis adapted to this splitting, called a Dirac basis:
(1= V2pg(¢1) = —V2pg(¢1) = %(Cl —(3),
G = V2p§() = —V2p5 (Ca) = F5(C2 — Ca),
G = V2p5(C1) = V215 (G) = (¢ + Q)
G = V25 (&) = V2pq (Ca) = 3G+ Ca).

In this basis the matrix expression of v is

(o) O (0 )
=T o) (e )

8. Algebraic Spinor Structures

In this section we consider a given algebraic complex spinor structure. A k-
conjugation is defined to be an antilinear map C: W — W fulfilling

c?=1, 8.1
k(Cy,¢) =0, Vi eW, (8.2)
Covy=1yeC. (8.3)

From (8.3), it follows C(S) = S, C(S) = S. Then, because of (8.2), C sends

any one-dimensional subspace of S or S’ into its k-conjugated subspace (Propo-

sition 6.3). Note also that, given (8.1), (8.2) is equivalent to ko (C x C) = —k.
We obtain the following characterization of the family of all k-conjugations.
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LEMMA 8.1. Let C and C be k-conjugations. Then
C =e " (cosha C+i sinhz Co,)

with ¢, 2 € R.
Proof. Write C = A + B with

A= 3Co(1—iny) =3 (C+iCy),
Bi=3Co(1+iv,) =3(C—iCy)

(roughly speaking, A and B can be seen as the restrictions of C to Sand S,
respectively). Then BAjs = 1s, ABjg = 1g. Because of (8.2), A and A both

send any s € Sin the space conjugate to s. It follows that A = a Awith a€C”.
Similarly B = B with b € C*. We have AB = ab AB = 1s, hence ab = 1.
Setting a = €*~* we obtain the stated result. a

A charge conjugation is defined to be a k-conjugation fulfilling
CO’YU—F’.YUOC:O, VUEV.

An algebraic complex spinor structure together with a charge conjugation will
be called a (real) algebraic spinor structure. Using Lemma 8.1, by a straightfor-
ward calculation we obtain:

PROPOSITION 8.1. Let C be a charge conjugation and C a k-conjugation.
Expressing C through C as in Lemma 8.1 gives, for any v € V,

ConyoC = —(1+2sinh?x)~y, + 2i sinha cosha ,v,.
Hence, charge conjugation is unique up to a phase factor.
The expression of a charge conjugation in a Weyl basis turns out to be
C=e -G+ 02+ - (7Y (8.4)
with ¢ € [0, ).

PROPOSITION 8.2. The group of all automorphisms of (g,7n,~,k,C) is Spin'.
Proof. Let ¥ := €0;...0, € Pin'¢, with §; € v(V) (Proposition 6.4). We
have 0;,C = —C0;, then

Hence, ¥*(C) = C if either n iseven and t = m = (so ¥ € Spin), or n is odd
andt = (2m + 1)7/2. O

A given Weyl basis yields a spinor structure by letting ¢ = 0 in Equation (8.4).
Conversely, given a spinor structure, any Weyl basis (¢,) can be transformed
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to a C-normal Weyl basis ((,) according to ¢, = €*/2(,. More generally, let
P € Pin'. Then A := €*/2 P ¢ Pin'© applied to the given Weyl basis yields a
C-normal Weyl basis. We obtain

C=-GRF+02°+ G — o7t

From (7.2), it follows det P = 1 VP € Pin, hence t = —(i/2) log det A.
Using Proposition 6.5, we can seethat -y, k and C determine v up to aLorentz
transformation. Namely:

PROPOSITION 8.3. Let C be a charge conjugation. Let 5: V — End(W) be a
Clifford map such that 7, = +,, and together with £ and C determines an alge-
braic spinor structure. Then 4 coincides with v up to a Lorentz transformation.

Since C is an antilinear involution, its real eigenspaces with eigenvalues +1
determine a splitting of W, with projections péﬁ = %(1 + C). Multiplication by i
and the action of (V) exchange these subspaces, so the action of i (V) leaves
them invariant. The algebra generated by i-y(V) can be seen as the Dirac algebra
of the Minkowski space :V, with signature (3, 1); its representation in W, called
the Majorana representation, is therefore the sum of two real representations.

Remark. Signs in the axioms and basic formulas involving the fundamen-
tal objects of a (either complex or real) spinor structure can be changed while
retaining essentially the same theory. So, for example, it is easily checked that
K (¢,9) = k(y,¢,v) is again a Hermitian form with signature (2, 2), fulfilling
K (vy(u)p,v) = —K (¢, v(u)1p). Moreover, to assign either k or £’ is equivalent.
Similarly C could be replaced with C,, which commutes with ~, and whose
square is —1. Note also that (1,4,C,,iCy,) generates a representation of the
guaternion algebra.

9. Symplectic Forms and 2-Spinor Approach

By a chiral 2-form we shall mean a 2-form ¢ € A2W* fulfilling

e(Ywd, ) = e(p, 1))

Then we obtain
e(md, ¥) = e(d, ).

PROPOSITION 9.1. A nonzero chiral 2-formis a symplectic form (i.e. it is hon-

degenerate) and the chiral splitting turns out to be a symplectic splitting, namely

€ = es+ eg, Where es and eg can be viewed as symplectic formson Sand S'.
Moreover, let £ be another chiral 2-form. Then &€ = be, b € C.
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Proof. Write ps := 3(1 —iv,). Then o (ps x 1) = e o (1 x ps). Since ps is
aprojection, we obtain es := o (ps X ps) = € (ps x 1), and similar for pg :=
é(l +i7y). Thus, € = es+eg. Moreover, we have v ps = pg vy, psy =7pg,

ence

eso(yx1)=ego(lxy), ego(yx1l)=cego(lxy).

This implies that either ¢ = 0 or both s and e are nonzero. Now observe that
any £ € A2S* @ A2S* can be written as € = aes + beg With a,b € C. We get

Eo(yx1)=aego(lxy)+beso(1xn).
Thenéo(y x1) =0 (1 x ) iff a=0. O

Hence, the the set of chiral 2-forms is a (complex) one-dimensional subspace
Q* C A?W* (the existence of nonzero chiral forms follows from formula (9.1)
below). Its dual space Q can be identified with a one-dimensional subspace of
A2W, i.e. the space of all w € AW such that wo (v* x 1) = w(1 xv*), v €V,
where v*: V — End(W*) is the dual (transpose) representation. The identifica-
tion is defined in such a way to recover the standard conventions [HT85, PR84]
about chiral symplectic forms. Namely, we write w* = ¢ iff % (c,w) = Fi e =
1, where i ¢ is the standard exterior algebra contraction [Go69]. If w* = ¢, then
we set ¢ 1= W = —()71, where Ww#()\) 1= w(), ), A € W*. We also write
e := w® and obtain

Eabe? = 63, Eape™ = (52 =4, #(\) = £, G-

On aWey! basis, the expressions of mutually dual elementsw € Qande € Q*
are

w=2(QNo+GEANW)=1(UR®C—GRO+E®U— G® (),
e=2b(ZIN22+ 232NN =b(1®22 - 2202+ 2324 - 24w 21,
with b € C*.
The Hermitian 2-form k£ yields a Hermitian 2-form kg, on the tensor algebra

®W. We define kq to be % kg restricted to Q, then kq turns out to be a Hermitian
metric. The corresponding quadratic form k:g has the coordinate expression

k(%(w) = %_ ko b ke g™ © wbd.

Similarly, we have the inverse Hermitian metric on Q*. In a Weyl basis, the
expressions of kg-unimodular (or k-normalized) elements w € Q and ¢ € Q*
are

w=6"((®C—- LG+ ERG- (48 (),

e=€(21®22 - 2221+ 23024 - 2 ® 2%
with ¢, ¢t € R. Note that, in the above formulas, w* = ¢ iff ¢ = —¢t. Then we
see that w is k-normalized iff w* is such.



FUNDAMENTAL GEOMETRIC STRUCTURES FOR THE DIRAC EQUATION 77

THEOREM 9.1. Thereis a one-to-one correspondence between charge conjuga-
tions and k-normalized chiral forms, given by

C:—i%ok‘#os", e=1iko(Cy x1).

Proof. Let ¢ be a k-normalized chiral form. From =, o k* = k¥ o 4* and
” oy, = yX¥ o &’ it follows that ~y, commutes with k# o &°.

Set C. := —iyy o k¥ o £°. Taking into account the antilinearity of k> we have
ko C. = i€’ o,. Then we obtain

(Ce)? = (i) o (i) o k¥ o’ o kFoe” = —kFoe’ o ko’ =1,
k(Cetb, ) = (K 0 Co(9),90) = i {e” oy (1), ) = i e(yeh, ) = O,
Ceonpp = —ingo ko oy = —inpoyy ok oe’
=Yoo (i o kfoe”) = =y, o Ce.
Hence, C. is a charge conjugation.

Conversely, let C be a charge conjugation and set ¢ := ik o (Cvy,; x 1). We
have k* o e, = —iCr,. Then

ec(@,) = i1 k(Cyye,¥) = —ik(¢,Cyp) = =i k(Cyy0), ¢) = —ec(¥, ¢),
ec(Vwp, ) = i k(Cyyywd, V) = i k(7Cynd, )

= i k(Cyy@, W) = (P, i),
k* o EI(’; o ko EI(): = (—iCyy) o (—iCyy) = —1.

Hence, ¢ is a k-normalized chiral form. O

If ¢ and C are corresponding objects as in the above theorem, then one finds that
g0 (C x C) = &. Moreover, €'c corresponds to e *“C. A Weyl basis is C-normal
iff

e=2ANP+ 3N =102 -2+ 20t -2 (90)

namely, es = e, 2* A 2% where e ,5 is exactly the antisymmetric Ricci matrix.

Next we present the basic ingredients for a comparison between 4-spinor and
2-spinor approaches to the Dirac equation [BTu87, HT85, PR84, PR88, Wa34];
essentially, the 2-spinor approach consists in identifying S with some space
associated with S. The most convenient choice turns out to be S' = S*, where
identification is via the map k” (Proposition 6.2), but note that one can take
S = S when a charge conjugation is chosen. A somewhat different approach is
givenin [Tr94], where W= S& S.

Every chiral 2-form ¢ determines a bilinear form g. on the fibres of S® S,
defined, for decomposable elements, by

9e(z @ YJ,u@v) == 3 ez, u)(y, ).
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Then g, restricted to the Hermitian real subbundle H (Section 1.4) turns out to
be a Lorentz metric; decomposable elements of S® S are g.-isotropic.

The identification S' = S* leads to considering the linear map

Xe :S®S— (S®S) @ (S* ® S*) C W W* = End(W)
CURV i u®D + (D) @ (u).
Then . restricted to H turns out to be a Clifford map. Note now that g. and
Xe do not change when ¢ is multiplied by a phase factor. Since the assigned
complex spinor structure determines the distinguished family of k-unimodular
chiral 2-forms, we actualy have a distinguished Lorentz metric ¢’ := g. and a
distinguished Clifford map x := x..

The Pauli basis (0,) of H associated with a symplectic basis ({,) of Sis
defined by o, := 0,*? (4 ® (5., Where the (o,*?")’s are the Pauli matrices. One
checkseasily that (o,,) isan orthonormal basis. Let (e,,) be the orthonormal basis
of V given by v(e,) = x(04). Then adirect calculation shows that the k-normal
basis (¢,) determined by (¢, ), namely (3 := —z* and ¢4 := —7?, is aWeyl basis
associated with (e, ). We obtain

PROPOSITION 9.2. Thereexistsa uniqueisometry 7: V — H suchthat y o 7 = ~.

Namely, we have o, = 7(eq).

The equivaence of 2-spinor and 4-spinor approaches then follows: assignment
of an algebraic complex spinor structure on (V, g) is equivalent to that of a two-
dimensional complex vector space S together with a Hermitian metric on A%S
and an isometry 7: V — H C S®S. The components of 7 are the so-called
Infeld—van der Waerden symbols [PR84].

10. Observers and Hermitian Metrics

In physics texts, where spinors and the Dirac algebra are often treated in terms
of matrices, the operations of transposition and Hermitian conjugation are com-
monly used. In this section we see how those operations are not canonical, but
related to the choice of an observer.

By taking an adapted Wey!| basis (Proposition 7.1), one proves:
PROPOSITION 10.1. Letu € V beaunit timelike vector. Then  := ko(v,, x1) €
W* @ WX, i.e. h(p,v) = k(yud, ) = k(¢, 1), is a Hermitian metric, either
positive or negative definite.

The Hermitian metric h of the above proposition fulfills

h(S,S) =0,

(v, ) = —h(g, W) + 29(u,v) (¢, yutp) =
= h(, YuYoYu?l)
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for dl v € V (the latter formula says that the Hermitian conjugate of ~, with
respect to h is ) = v.7.7.). Moreover, for any charge conjugation C, we have

ho(CxC)=h.

Clearly, al u belonging to a given half of the timelike cone yield a Hermitian
metric of the same signature. Hence, we obtain a distinguished time-orientation
of V, given by the requirement that future-pointing timelike unit vectors (called
‘observers’) yield a positive-definite Hermitian metric.

Given an observer, a Wey!| basis such that v(u) = 7o (Section 7) turns out to
be orthonormal with respect to the induced h. The corresponding Dirac basis is
orthonormal with respect to both h» and k. Then the eigenspaces of ~, reative
to eigenvalues 1 can be characterized by the restriction of & to coincide with
+h. Moreover, the Hermitian forms k& and h are mutually normalized, namely
we have

roh’ =k ok’ =, (10.1)

i k¥ hg. = h¥ ke . = (7,)°,. Conversely, one can prove the following
characterization of the family of all observer-induced Hermitian metrics.

PROPOSITION 10.2. Let h be a (positive definite) k-normalized Hermitian met-
ric on W such that Vv € V one has ], € (V). Then there is a unique observer
u such that h = k o (v, x 1); thisis given by formula (10.1).

Remark. Hermitian conjugation in standard physics texts, indicated by T,
is taken relatively to the Hermitian metric & associated with the element eg
of a given orthonormal basis. Ordinary transposition, indicated by T, corre-
sponds to taking complex space conjugation (not charge conjugation) togeth-
er with Hermitian conjugation relatively to h. Charge conjugation is usually
written (see [1Z80], p. 85) as ¢¢ = n.C ', where 7. is a phase factor. The
Dirac’s adjoint ) corresponds in our notation to k”(1), then )T corresponds to
B o k(1) = F0(v) = K o y0(1), where K: W — W denotes complex space
conjugation (Section 1.4). So we can write the above usua definition for charge
conjugation as C(¢)) = ¢° = n.C o K oyo()), i.e. C = 7.C oo K, alinear
map.

PART I1I: DIRAC EQUATION

11. Spinor Structuresin General Relativity

Henceforth, we shall consider a spacetime (M, g), namely M is assumed to be
an oriented connected Hausdorff manifold and

g M—=1L2@T*MRT*M
M
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a‘scaled’ Lorentz metric (Section 2), of signature (1, 3). We also assume (M, g)
to be time-oriented. The metric connection on 7'M will be indicated by T'.

A complex spinor structure on (M, g) is a smooth algebraic complex spinor
structure on the fibres. Namely we assume a complex vector bundle my, : W — M
with four-dimensional fibres, a Clifford map v: L* ® TM — End(W) over M and
a scaled Hermitian 2-form k&2 M — L—3®@ W* @y W*, smoothly determining
an algebraic complex spinor structure on each fibre. The Clifford map ~ can be
viewed as a scaled soldering form from T'M to the bundle of endomorphisms
of W.

Note that the role which, in the algebraic setting, was of the Minkowski
space V, is now played by the vector bundle V := L*® TM — M, on which
the spacetime scaled metric g can be viewed as a true Lorentz metric. Moreover,
since the Hermitian 2-form £ is now scaled, k-normal frames (¢,) are frames of
L%2® W, so when a section ¢: M — W is expressed as 1)%(,, its components
P M — CL™%2. We write k = k, 2% ® 2° with k,,: M — C.

The task of reformulating the statements about algebraic spinor structures in
the General Relativistic context presents no difficulty. In particular, note that
we have a chira bundle splitting W = S@y S and a Hermitian line bundle
QCL3® A2W — M.

In order to use the whole algebraic stuff we only need one further result.

PROPOSITION 11.1. Given a complex spinor structure on (M, g), there exists
a Weyl frame in a neighbourhood of any p € M.

Moreover, let (e, ) be a given orthonormal frame of L* ® TM in a neighbour-
hood of p. Then there exists a Weyl frame ((,) associated with (e,,).

Proof. In a neighbourhood of p € M, we choose a frame of S and get the
induced k-normal frame ({,) of W. Moreover, we choose a positively oriented
orthonormal frame of L* ® T'"M. Pointwise we can use the same argument as in
the proof of Proposition 7.1. The functiony: M — R determined by the argument
is obviously smooth, hence the induced Weyl frame (¢,) is smooth. O

In other terms, (L* ®TM) xm (L¥?®W) — M can be seen as a vector
bundle associated with the principal bundle of Weyl frames, whose structure
group is Pin*'(1, 3). By anaogy with the results on complex spinor structures
on Riemannian manifolds (e.g. see [BLM89], appendix D), one may expect the
existence of acomplex spinor structure to require less strict topol ogical conditions
than a spinor structure.

In the next sections we shall develop Dirac’s theory on a curved background,
assuming a complex spinor structure on M as the basic geometric setting. In
general, we shall not assume a global spinor structure (namely a global charge
conjugation).

A couple ((eq), () of frames, respectively of L* @ TM and L¥2 ® W, such
that v and & have constant expression (then also the components of the metric
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tensor ¢ turn out to be constant), will be called acomplex spinor gauge. The frame
(eo) Will be called the classical gauge, and (¢, ) the quantum gauge. Proposition
11.1 can be easily generalized to cover complex spinor gauges corresponding to
matrix representations of the Dirac algebra other than Wey!’s.

Accordingly, asection A: M — Spin' € will be called a gauge transformation,
acting on the classical gauge as e, — 7 (A oy, 0 A71).

From Proposition 11.1 we have:

COROLLARY 11.1. There exists a charge conjugation in a neighbourhood of
any p € M.

12. Complex Spinor Connections

In this section we assume a given complex spinor structure on (M,g). By a
simple coordinate calculation we prove:

LEMMA 12.1. Let U, U’ be linear connections on W — M which yield the
same connection on End(W) = W@uyW* — M. Then Y’ — U = a ® 1y, where
a: M — C®T*M is a complex 1-form.

Note that the Clifford map ~ can be seen as a tensor field
v M —=LT*M %@W@'\%W*.

Then a covariant derivative of ~ is naturally defined in terms of the metric
spacetime connection I" and of a connection Y on W — M.

PROPOSITION 12.1. Let U be a linear connection on W — M such that Vv =

0. Then the coordinate expression of U, in the linear bundle charts induced by a

complex spinor gauge, is U &, = ay 8% + 3157 (v, A ¥6)%, With ay: M — C.
Proof. Write

Ux=uxl + Ul +ul’ 7 Ave + U57m +dam

with gy, u?X,us?, 4%, 4, M — €, and y4” is antisymmetric in the upper indices.
For any 6 : M — End(W) we have V0 = 0,0 + 04, — U,6.

Since 4 can be seen as the wedge extension of v, we have V4 = 0. Hence,
from V= 0 it follows V+,, = 0, namely 2(y5v,7, + 447,) = 0 which implies
uy =45 =0

In acomplex spinor gauge 0,y = 0, so the condition V~ = 0 can be expressed
as V)\[q]’yﬁ = —F)(\Xﬁ’ya. Then we get Ffﬁ’ya = leyﬁ - ’76q)\ = 2Lv|)\’777’75 +
2457 (9807p — 98p70)- Hence, 4y = 0 and T' {570 = 2457 (9507 — 9p7)- The
|atter relation yields y$” = 2I',*”. No condition is to be imposed on y,, which
is renamed «y. O
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Namely, a connection U such that Vv = 0 yields, on the domain of a gauge, a
complex 1-form «, which can be characterized as the difference between U and
the trivial connection determined by the gauge.

On the domain of a given gauge, we indicate by Uy: M — End(W) the
endomorphisms whose matrix expression is (Y, ), so the above expression for
U can be written (see Section 1.3) U, = a, + 31477, A, Note how U, dz* can
be seen as a ‘connection form’ valued in the Lie agebra of the complex spinor
group (5.1), afact clearly related to the principal bundle approach. We have

ko(u)\ X 1) = —k‘O(l X u)\),
ko(’}/)‘uA X 1) = —k‘O(l X LIX)/)‘).
Given a gauge chart over an open domain X € M and a complex 1-form

o: X — C®TX, we obtain a connection on Wy := my-(X) — X by requiring
its expression in the chart to be that of Proposition 12.1.

PROPOSITION 12.2. Consider two gauge charts over domains X, X' C M,
together with complex 1-forms o and o’. Then the two connections YU and Y/,
respectively determined on X and X’ by the expression of Proposition 12.1, coin-
cide on X N X' iff

(12.1)

o/ —a=—Ld(logdetA) = —%dt,

where A: M — Pinc is the gauge transformation and det A := e,

Proof. The condition that Y and U’ coincide can be expressed in terms of the
induced endomorphisms U, and U} asU) = U, +Ady A/, where A’ := A1, that
is

ol + 3DVl = o+ 718076 + AOA.

Taking the trace of this equation we get the stated relation between « and o’. The
traceless part turns out to be satisfied, after some calculations, as a consequence
of

Y = Agra = AypA,
e = N AT + g0 N'go,A,
where A := $(A) is the Lorentz transformation induced by A (Section5). O

Now consider a gauge atlas of W together with a family of complex 1-forms,
one for each chart. We obtain a family of local connections on W. These yield
aglobal connection iff any two 1-forms of the family fulfill the condition of the
above lemma on the intersection (if not empty) of their domains. Conversely,
a connection such that Vv = 0 determines a family of local 1-forms with that
property; henceit yields aglobal real 1-form, which on the domain of each gauge
isgiven by a + a: M — T*M. This can be characterized as follows:
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PROPOSITION 12.3. Let U be a linear connection on W — M such that Vv =
0. We have

Vk=(a+a)Qk.

A linear connection U on W — M such that Vv = 0 and Vk = 0 will be
called a complex spinor connection. Then U determines, on the domain of each
gauge, an imaginary 1-form « (or equivaently area 1-form a, a = ia).

PROPOSITION 12.4. Let U be a complex spinor connection. The connection
determined by U on the tensor algebra of W reduces to connections on the
Hermitian line bundles Q and Q*. In particular, the covariant derivative of
a local k-normalized chiral form e M — Q* and the corresponding charge
conjugation C have, on the domain of a given gauge, the expression

Ve =1i(2a+dt) ®e,
VC = —i(2a +dt) ®C,

with ¢ := 1/2ilogdet A, where A is a gauge transformation which makes the
considered gauge e-symplectic.

Conversdly:

THEOREM 12.1. Every Hermitian connection on Q — M determines a unique
complex spinor connection.

Proof. Consider a gauge atlas of (L* © TM) xy (L2 @ W). On the domain
of each gauge consider the normal frame of Q* induced by the gauge, namely the
k-normalized chiral form e whose expression is given by (9.1). The Hermitian
connection on Q — M determines an imaginary 1-form ia by Ve = 2ia) e.
On the intersection of two gauges, the induced 1-forms are related by o’ —
a = —3dt = (i/4)d(logdetA), where A is the related gauge transformation.
Now the coordinate formula of Proposition 12.1 determines a complex spinor
connection on the domain of each gauge. From Proposition 12.2, it follows that
the connections determined by any two gauge charts coincide on the intersection,
namely we have a global connection. O

Note that any two gauge-related forms a and o’ fulfill da = da’, namely for any
complex spinor connection, the 2-form da: M — A?T*M is globally defined.
The curvature tensor (see also [GP82]) of a complex spinor connection U turns
ot to be

RU] =2ida®1+ 3 (R[[],yAv),
that is

R[U]5. = i(0xau — Buar) + 3 RTINS 7 Ao,
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where R[I'] is the curvature tensor of the metric connection I'. In terms of the
principal bundle approach to connections, R[Y],, are the components of the
curvature 2-form valued in the Lie algebra of the Spin© group.

PROPOSITION 12.5. A complex spinor connection U together with a spinor
structure (charge conjugation C or, equivalently, k-normalized chiral form ¢)
determine an imaginary 1-from ia. We have Ve = 2ia® ¢, VC = —2ia ®C.

Conversely, given a spinor structure, any imaginary 1-from ia determines a
complex spinor connection. The complex spinor connection Y€ determined by
—ia is caled the charge conjugated connection of U. It can be characterized
through its covariant derivative by

VS(CY) =CVaxY & VS =CVA(CY) = Vv + (CVAC)Y.  (12.2)
Note that
Vo =V0h, VO: M — End(W). (12.3)

For each complex spinor connection we introduce the nabla slash operator, acting
on sections ¢: M — W, given by

Vi i= (g%, Vi) = g n\V,u1p 1= 1 Vo

13. Dirac Equation

We use the results of the previous sections to formulate the quantum relativistic
theory of one particle with mass m € M and charge ¢ € Q = T* ® L2 @ MY/2
(Section 2), subjected to given electromagnetic and gravitational fields. We assume
(M, g) to be a spacetime, endowed with a complex spinor structure (Section 11)
and a complex spinor connection (Section 12). Moreover, we assume the parti-
cle’'s quantum history to be a section ¢»: M — W obeying the Dirac equation
iV — (me/n) ¢ = 0.

It should be clear, from the discussion of Section 12, that we are going to
interpret the real 1-form a, determined locally by a complex spinor connection,
as electromagnetic 4-potential (see aso [GP75, IW33]). More precisely, we set

a= %A, A M-oTRL 3 2gM Y20 T*M.
C

Then the (local) coordinate expression of the Dirac equation is
N a N q loa C mc a
ZQ/\M%\b (a;ﬂ/)b -1 h Au wb - %FZ (% N %r)bcw ) T Pt =0.

By applying & to the Dirac equation, and taking into account the properties of
k, one finds the equivalent equation satisfied by &’

iV Ak ) o + % (k') = 0. (13.1)
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By applying the operator ¥ -+mc/h to the Dirac equation, we obtain the general
relativistic form of the Klein-Gordon equation Y2y 4+ (m?c?/h?)+ = 0. By
expanding the spinor Laplacian Y2¢, this equation can written as the following
(generalized) form of Lichnerowicz's equation [BTu87, Cro0, Li64]

) m2c?

q
GV = 5 (YA Y = G RY + 5 =0,

where F:= 2dA: M — TQL¥2@M Y2% A2T*M is the electromagnetic
field and R is the scalar curvature of the spacetime connection.

14. Lagrangian Formulation

We shall use known genera results on Lagrangian field theories [Gar4, GS73,
MM83b, MV96, Tr67].
For brevity, we set ¢ := dz®Adzt Adz? Ad23. Thenn = /gl &, |g] := det(g).
The Dirac Lagrangian density is defined to be the 4-form £ = ¢¢: JW —
AYT*M where ¢: JW — R is given by

0] i= o i= | 5R.79) — bP,0) ~ 5k, 0)| Vi

for any section: M — W (ji denotesthefirst jet prolongation, see Section 1.2).
Its coordinate expression is

T .
{ = kg [é 2V (25 — U eh) —

) . o : mc _,.
— 57 (55 - Ug ) - S zﬂ Vil

The Euler—Lagrange operator associated with £ is a fibred morphism*

& JW — AYT*M %W*,
where W* ¢ W* @ W* is the real dual of W. £ can be calculated by formally
treating z® and z% as independent real coordinates. Taking into account Equa-
tion (12.1) and the identity 9, (/9] ¢™v.) = Vigl (Uay> — 7 U.), which can
be derived by a coordinate calculation, we obtain

gogv=ne I (iV0 - 500 ) + 7 (176 - 500} .
Then the Dirac equation is the Euler—Lagrange equation of £, namely £oj1 = 0.

The PoincaréCartan form is a morphism
0: JW — AYT*W.

* In a genera field theory the Euler—Lagrange operator is second or higher order.
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Setting &), 1= 0, 1 &, we have the coordinate expression

or . . ot
O = Lot e (@1 A6) + 5

a
028

(ds% A &)
= koo (=it (M2 - B

+ %,Y)\bc (Za' dz¢ — 2¢dz% ) /\é)\]\/?'

We now recall very briefly the relation between the Poincaré—Cartan form and
conserved currents (Noether’s theorem).

A section ¢ M — W is said to be critical if £ o ji = 0 (namely if ¢ sat-
isfies the Dirac equation). A projectable vector field w: W — TW is called
a (infinitesimal) symmetry of © if (j4)*L,,© = 0 for all critica sections,
where w': JW — T'JW is the natural jet prolongation of w (Section 1). Then
w1 0: JW — AST*W is a current 3-form, namely it fulfills (j1)*d(w 1 ©) = 0
for all critical sections.

In order to find a distinguished symmetry of © we consider the action of the
group U(1) on W, given by

RxW—W: (¢,() — e ¢,

This action can be naturally prolonged to an action on the jet space JW. We
then have two one-parameter groups, which are generated, respectively, by the
vector fields w: W — TW and w’: JW — T'JW, whose coordinate expressions
are

w = —iz"(,, w = —i(2% 0zq + 25 02)).

Moreover, w’ turns out to be the natural jet prolongation of w.

It isimmediate to check that £ and © are invariant with respect to the above
U(1)-action. This aso implies L,,L = L,,© = 0, so «' is an infinitesimal
symmetry. Since w is a vertical vector field, the current 3-form w 4 © is vaued
in A3T*M. Its coordinate expression is

w10 = \/Ig] ka- 240, 2%
For all ¢, we consider the evaluation
TW] = (j9)* (w 1©) = k(v, 7 ),

where 1y = 0\ 1n = /|g] {x. The component of this current in the direction of
an observer u turns out to be

k(W vuth) = B, 9): M — L3,
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where h is the Hermitian metric induced by « (Section 10). The fact that this
is a positive function allows the interpretation of 7[¢)| as a probability cur-
rent.

Finally, note that contraction with the contravariant volume form yields the
scaled vector field

i) =*J[W): M —-L*2TM
called the vector current of v, with coordinate expression

j[] = k(w, g*y) = k(1,7 ) Ox.

Because of the Noether theorem, the divergence of j[¢/] vanishes for ¢ critical.

15. Neutrino

Werecall that the Clifford map v and the 2-form k& exchange the chiral subbundles
Sand S (Propositions 5.1 and 6.2), namely

VU(S) = Slv ’VU(S/) =S,
E(S)=8S*, K (S)=S*

Moreover it is easy to see, from the coordinate expression, that the complex
spinor connection reduces to connections on S and S. Namely, let 4/ be the
guantum history of a particle of mass m, and consider its chiral decomposition
1 = Ps + Pg. Then we have

Vs i= Vid)s ‘M —S Vg = VE,@ZJS/ ‘M —S.

Hence, the term iv*V 1, in the Dirac equation for ¢, exchanges the chiral
components of 1, while the mass term obviously leaves them invariant. This
situation is reversed when we consider the equivalent Equation (13.1), namely
the Dirac equation composed with £”, which we write as

i (Vaw) + == () = 0.

Here the first term splits into the direct sum of the chiral components, while the
mass term mixes them. Actually in a Weyl frame we have

b A0y —(60) O ) b '_(‘(53’) 0)

It isnow clear that for m = 0 the Dirac equation splits into the sum of decoupled
components, one for each chiral subbundle. These components turn out to be the
equations for the neutrino and the anti-neutrino.

We can recover the usual formulation of the Weyl equation by applying +° to
the Dirac equation, thus obtaining Vot ++%7 V¢ = 0.
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Recall that the observer u = eg localy determines (Section 10) a Hermitian
metric h, which restricts to Hermitian metrics on S and S'. Through h, the Pauli
frames (Section 9) of S* ® S* and S* ® S* yield a frame (6,) of the h-
Hermitian subbundle of End(S), and a frame (&7,) of the h-Hermitian subbundle
of End(S'). We have

Oo=045Ca @27, ol =0ty @27,
where (0 ,) are the Pauli matrices, 1 < A, B < 2,3< A', B’ < 4. We obtain
Yoy = —6; ® 6%, o, = 05 @ 0.

Hence, the massless Dirac equation can be written in the form of two decoupled
equations

(Vo— ¢ 6;Vi)es =0,  (Vo+¢*&, V5 )y =0.

16. Some Operators on Sections

A general geometric theory of Hilbert bundles and quantum operators for %—spin
particles was presented in [CIM95] for the case when the background is assumed
to be a curved Galileian spacetime. That setting was based essentialy on the
assumptions of absolute time and of a distinguished fibred Hermitian metric A,
so it is not readily trandlatable to the present context: Einstein spacetime and a
family of Hermitian metrics, one for each observer (Section 10). In this section
we shall introduce some important operators on quantum histories, and see a
few properties of theirs whose discussion does not need the Hilbert structure.
A general theory of Hilbert bundles and quantum operators on Einstein spacetime
is deferred to future work.

Given a(local) charge conjugation C, the section Cv) represents the antiparticle
of 4. It fulfills the Dirac equation for a particle with opposite charge, namely

i (VACY) + (CVAC)(Cy)) (Cy) =0,

mc
-
or (see (12.2))

i (VS(Cw))

mc
- () =0

More generally, consider the group bundle G — M generated by Pin° and
local charge conjugations, and let X: M — G be alocal section. The quantum
history X'+ fulfills the equation

(XX VY () — 25 () = 0, (16.)
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where V¢ (X)) := XV, 1, that is

Vi = Vo + (XVAX ")) = Vg — (Va X)X 1y,
Equivalently, Equation (16.1) can be written

(X)) = —(X i *" VX 1) (X)),

(X i X V() — 2°

For a given observer u, we consider the related parity and time inversion
operators

P = M —>W@’§W*, T := 3 yC: M —>W<§'\%>W7.

We obtain
P2=1, T?=-1,
PT =TP = —,C,
PC = CP =,
CT = —=TC = v,
(CT)?=—(PC)* = —(PT)* =1,
PCT =,

For ¢ obeying the Dirac equation, using Equation (16.1) we can write the equa-
tion obeyed by Py, Tv, PCy and so on. Choosing 7o = 7., the operators 4*
transform according to

PAPLl=THAT-1= 25370 — A,
PTNPT) ™t =%,

PCYNPC)™L = CTHNCT) ™t = —2801° + 7,
PCTAN(PCT) ™t = -\,

Recalling (12.3), we obtain
i(2607° = ) VA(PY) (Py) = i(2807° = v")(Var0)10 (PY),
(=267 + ) VA(TH) = Z5(T)
= i(=2807° + 7)1 Va(10C )0 mC (T9),
IPVAPTY) == (PT) = i) (VAC)C(PT ),
i(2607° = ) VA(PCY) (PC)
= (2657° = 1) Va(10C)C0 (PC),

me
h

mc
h
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i(=2607° + M) VA(CTY) (CTY)

= i(=267° + ) Va(v0)70 (CT ),
VA (PCTY) + %(PCT ) = 0.

mc
h

Finally, we introduce spin operators. Let again u be an observer; let v be a
vector field such that g(u,v) = 0. The operator

Sy == %71/71}717

is called the spin operator in the v-direction. For any orthonormal frame (e)
we have the spin operators (see also Section 15)

Sj = §0v5m = (3 65) ® (58%).
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