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1. ~troduc,tiob. 

, When dealing with Fermi systems it is often convenient to int­

roduce an auxiliary Grassmann algebra Q.Originally Q was, introduced 

. . date "eig-envalues" of anticommutl.ng' operators of CAR so that to accomo 

a formal analogy between 'Fe~nn integr:als for Bose and Fermi sys­

tems could be established (see [1,2]). Later on the canonical fo.rma­

lism of classical mechanics was further extend.ed by adding Grassmann 

coordinates in the .configuration space [2-6] .. With the invention of 

supersymmetry [7-9] and establishing its quan.tum theo.retical basis 

110]' an auxiliary , Grassmannalg,ebra was widely applied fer integrating, 

of, 'Lie superalg-ebra relations .. ,Although it is t ,me that one can deal 

with a quantum theory ofsup~rsymm.etri~ systems without 't~nticommu­

ting v~ricibies" ('see e.g. [10,11lJ, nev_ertheiess a: possibility ~hat Q 

can be an, indispensable mathematical ,too.l (like the ~ginary nunibers) 

should be serio.usly tak~n into account. So. far, however, the mathema- . 

tics of Q-numbers is in its early stage ' of "deiT~lopment. tn ' {12] diffe­

rential supergeometry .wa:s dev~~oped ' cn a basis ,?f a self-auall3anach- " 

-Grassmann algebra .Q. :r.n [13 r an infi~ite dimensional algebra (called 

B(X) .the're) was ' defined. "In 'tbe·cpresent<p.a:perwe · define .:{las .,a : classical 

, limi~ of the cAR .twisted '~o~~. ~igebra an4 show.,that Q de'£ined : in' such' : 
", • • . ' • • • • ...... f • • ~ . ". 

a way .isselfdual according to the: requirements of. J12]~aild coincides 

with the BCD-algebra pi' ,A.. Rog~:rs {13]-. . ' . : J, 

. 2.GRASSMANN :ALGEBRA .AS AcLA.SSICAL·LIMIT .OF CAR, ' 

Let N denotes the set {1 , .2, ••• ,N} or .~ forN.a) .. Let . 

* a . a. '+ a. a. :z: 20 _' . :' a. -a. 
, ~ J ' J ~ ~J 1. ~ 

i,j E N (2.1) 

be a representation of the Canonica:l AnticOmmutation Rela~ions (CAR) 

with ~ ..:;; co degrees of freedom.·: It' i8natural .. tQass~ciate with (i.1) 
2 .., .. . . 

the group J consisting of ail 'finite subsets I- , fir' •• ~ . ., ~}', " 

: ..... . 
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i1 <: i 2 ' < ••• < ~ of the set ,N with the symmetric difference f:l as " 
the, group law. The unitary operators , " 

. 
U:(I) ' - B •••• 

• ~1 " (~ .• 2) ·· 
". :.' 

form a pr<>j ect;i.verepresentation of. the group j ,([ 14;Ch~XIV, § 8]" see ' 

also [15, . Sect. 3.10]) : 

'. (2.3-) 

";" ' .. 

. ", ""," Ul(L I~) : .~ . '(-.1 )I>.(I~_I~~~', : . . " :P~(I :t ... ) ~ -\' :': ' ~(I ":) '. . " '-. -: ' " . . ' .... <j.~.~;; ,;J : .~J' 
.' ' 

',' 

, ...... " 

,-

:P'{I,j) a (t;he n~er~ of i E I such' that, i < j). · ~(2 • .5) . 

..' ~ . .' 

The .multi,plier Ul ' s,atisfies the staildard cocy:cler~lations .' 

; .. ' . 

" 

~(e,'I) ,- ., ~(i.e) :;'. ';1, :, 
. ' . . ... ~ 

.. ; .~. '. 

,.w(i~ I"')w(I ;~ ' .1'" ,·i~:;'F, >='~·-(I~'t.I."'''':~fi)(I;I~ . /:i- I · ... ~f ~ . :: .. - .' 

' . . . ... :.' ; . 

" '''::-.:":. 

. <·~·,,,wh~~e . ' : e ~ '.'tli . .' is', otbe :id·e~~ity .. element : of~he ·::g~oul' . ?~: J~~: ~i1 , ~iso', d;e~· . 
. · fiiie~onepat;a..eter . £~ly of 'muUip tiers ' , ' , ' " , . '" 

" 
" 

. - ' where 

.. ! In ' ,I.~ L. 
'" 

" .:., 

; {2~8} .... 

, , 
", 

,. The "'A~~ may 'be considered ':as· w~uitipliers ~see · (2· .. ~}'~~d, :;~f~',j)r 
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for the modified CAR 

a.(A)a.()..) + a.(A)a.(I,.) c 2Ao ..• 
1 J J . 1 1J 

. (2.9) 

In particular the- cocycle relations (2.6), (2.7) .are satisfied for all 

A and 

A E' {D, 1] (2.9a) 

Using (JJA one can construct for J . the so called twisted group algebra 

(1"6] which is a generalization of the ordinary group algebra~ Let. '11 

be the invariant measure· onl normalized to V (I) = 1, I € J .' The 

twisted g~OUp algebra QN(~) i.s:defined as, t\J ,.ll)' with' the.' mu."!tipli- , 

cat'ion 

(f*). ,g) (K) L f(1)g(1 A K)W"\(I,I'1:i K), 
1EJ f\ '., 

'(2.10) 

1 f,g € L (l,v) 

'.' A ,-S1nc;e W:x are real, Q
N 

can be real or complex. 'From 'now on we ass~e it 
. , .. 1 

:; . isreal., using' (2 ~6) ; (2.7): and (2 ~ 9a) c.lle·proves -that, QN is .. a Banach' 
. , '1 

algebra in, fhe. L- (J,lf) -norm 

Wf II -. -f: I f (I) I 
-IV 

, • N N·"·. 
Definition ,2.i. The ~lgebra Q ,-.Q' (A:-O)".1$ the classical·iimit for 

CAR. 

it, is important to notice that the limit A .... 0. ,can not be taken on 

, represe~ting operators a
i 

0 . .), the limiting procedure, is performed on 

. the 'algebra structu~eof ',L 1.(J ,ll) • 

The ;ollowing Proposition give-s" a full charact~rizationof (f ~ 

- -- 7 

Proposition 2.1. The algebra QN is uniquely characterized by the fol­

lowingpropeities: 

There exists a' set of generators e. E QN , i E'N, such' that 
1 

(i) e.-e. + e.e. oS 0 
1 J J 1 

i,j EN, 

(ii) ~very f E QN, .is. uniquely repres<.;:;D.ted by an abs()lutely 

convergent, series 

, (iii) 

where 1 is the set of all finite subsets 

. i1 < ••• < ·1k ,·. _ ,of .N, and 

e
I 

.. e. • • .-e._ 
.1'1. ;1k 

. N' 
fo:r f 'E Q ," 

: 'N 
·Remark.- In· this 'form the al.g~bra Q :was iritroduced by A.· ,Rogers T 13] . 

:'Proof Let us denote'wA=O(I,I') z: X(I,I'). 'Then '(2.8) implies 

0. for I Ii I" .f. (/1 

{ 
(_1)P(I,I") for I n I' = 0 

' .. (2. 12-) X(I,I"') 

and, by.(2.4), (2.5),' in particular 
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+1 for i < j., 

, X({il,{j}) { 0 for i 0: j, (2.13) 

-1 for i > j. 

. 'N 
Let.e

I 
be the element of Q defined by 

{ 
0 for J. + I' , 

:eI(~) .., (~.14) 

r for J .z I. 

It follows from (2.11) that 

(2 .• 15) 

and ( 2. 12) gives 

(2~ l6). 

, '.e .. ~~· !=,.'- e~.e ... ' " 
". l' J' J '1, 

, . (ri.ll)"· 
.:', 

:. ,'~ ;. 
';. ~i.. .• :. . .' .. :<:.:. 

and.' fo,~. i . - : til'·:~.~ ... , iki'-: '~i l' < .,-... ..~ik ; .we liave •·· 

, , ' 

.. "',,' :~i 'c. 'e
i1

' "eA' ...... :." ... ' . 
. .',.~:,:.-. 

The propositioil fPliQ,,;~fi<>lnanobse:ation~hat every! €QN ca~ •...••...•..•... 

be ·uniquelywritten as.· 

f '1 f(J)eJ ".' 
JE] 

(.2.19) . 

{ , 
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the series' being convergent til L 1 (J, 11) 

The aigebra QN a~its a natural, z2~gradirtg QNaQ:: 6f Q~',' where 

Q~ is the e~osed linear subspace generated by odd .products of gene-
N . N'" '.. ' 

rators e i , andQo • It •. Q
o 

. ,is the direct sum o.f the numbe~' field 
. .' . N' 

lL a:d the .closed su~.algebra Q
o 

generated by even products of .elements. 

of Q1. The following norm decompo.sitions· hold' 

III + ·a' 
o 

N a E Q ' . r=O,'l 
r r 

(2.·2D) 

A E:R'; a'E' QN' .. 
.0 o. 

(2~ 21) 

The real .part of an: ~lement 's.' E·QNW{ll be'dep,oted :by a(~)" Therefo-' 

. re··:.a{A+. a') SA for A .€ lR ~lid a'E;. QN";. Q~ $~ Qt 

'WhenN ,is 'finite 'QN isiN~dbnensio~i and cO.-incfdes '~ith ,th'e st~n­
. dard Grassmann' ~lgeb'raoflR N.The Fropos.ition2. i i~plies then 

i·.'P:Pqposi-tiOn.i.'lo If N< ao. then' 
.~ " . 

.. ' , {~} .·There eXist{"e e:' "QN ':S~~h ,~b~t: for.every: a E . "QN" , 
l, 

~.. ... 
'ae' ··ea == 0 

. J " 

.... 
.' 

'N 
The fact that foT·,finite N'1:h~,equation'ax~ ·O~ 's.' ~ Q

1 
,. adtnit:~.,:::;:,,> 

non:-z~ro. solutions makes it impossible to' define pa.rtia'~ de~iv~tiv¢~':: 
.'. 
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( N N of supersmooth function see [12J) .f: Q
1 

+ Q in such a way that 

the Leibnitz rule is satisfied (even, modulo an ideal). The nsuperana,­

lysis" formulated in [12] is based on the assumption of selfduality 
. '. ~ . 

of Q. We shall now prove that the algebra Q t Q 0.,=0) defined in Sec-

tion 2 is selfdua! in the required sense. 

F.irst of all -we observe that by the properties (ii) and (iii) of 

the Proposition 2.1 .. for every aE Q we have 

11. a Ii = lim 
i-+<x> 

/I e.all 
. 1. 

=: lim II ae·n 
• l. 

i-+<x> 
(3.1) 

It follows that for each x E Qt if" ax = 0 (resp. xa= 0) ,for .all 

a.€ Qr then x =: O. . 

Let Qdenot.e the space o.f continuous Q -line.ar:maps from·:Q. CpO,D 
. r .':0 . * . " ·r 

. to. Q •. Every element ,q E Q determines 'F q€' Qr:by 

.. 
F (8) = aq , 

q a-€ Q • 
. " r 

(3.2) 

Since Q is.~'.algebra· ~ith un'it, it 'foll~s' that every F E Q* 'is 
o . 0 

of the fom .FfbX· q "" F(l). ; 
. .' ..... q .. '. .. . . ;. 

ypoposition 3~2··.·(·selfduality ~f Q) ... Fo'r each continuous Q ~lin.ear 
o . 

map F : Q 1'" Q there exists a ~ique element .. q ',E'Q 

"such t.h~t 

To prove the above pro~erty .of Q we firs·t establish two ·Lemmas .• 

I 
~--'--_;";;"'--. Let for each a E Q, J(a) == {I E J: a ,. O}, and let.I

o 
c a 

(resp.I .La) denotes the fact that I ¢ I (resp. I n. I ,.. f/J ) o . 0 0 

for all l€·](a). Then 

11 

a) 

II ael + '~H - II ae II + Hb~l' II 
t . 0 . 11 

? 

for It lit "".;., and for all bEQ. If t.La then Iqa II "11 _0 0 . 0 and . .ae
l 

. •. 

""Halt. Q 

b) if a EQ, IE] and aei-O for "ali i€ 1; then th~re exists 

a uniquev.E Q 'with I J.. v and '~uch·that· awyer ~We ,also have :!l all =jl vU. 

. . 

h-oof Follows .in. a ,~t:~ightfo~!r~ w.9.Y from the. PJ?<?Pcisition.2 .. 1. fA . 

. ~emma 3.2 ... Th~re i,~. a. ": ,one-to-one correspond.ene·e·, be1:ween'''cotrt;inu6~s' 
:·Qo~tin~ar~ps .~:. :~'Ql ~ (t.· and·.boupd,ed "sequences ~:fi)_:_ftom' 
: .. Q satisfying,'.' 

.. for all i,j E Nt: (3~3J 

'. - ,.' . - . . 
, .. 

Moreover,n F-H -= .s~p{H·f .:Il: '1 E IN.}andc:t·(£:):~O.~ 
.. ". . 1.' .' 1. '. 

J~.F: Q.i +:~'~sQo~~~~~~-.~hen,·w~~l1~'.Y'z € Q~,:.:w~ hive.-. .' ., .. 
'.'.lIt),Yz·.~ ·F.(~r, "'"7f<m) ":'-:-F(y):~~.' 'and ·therefore i'(x):Y~~F.(Y}x.· . 
~ot· all x,y E'Q1' ~'With ·x-e. t ~.' .e • .'and :'f .~F(e~) ·~.e ~ge~' (3 '3)" ········I·'n ... :.· 

. .' 1. J' J . . 1 1'" • .: •. , 

pa~ic.ul~r £iei-o so dt~t ?·(fil-O.",cop:versely .·given:·:a, bound~d' , ... :. 
sequel,lce: fi € Q .. satiSfying· (3'~'3), we defi~e :F.(el);i.:: i..\ .e.:· 

'. .., " ~.' 1.2 .. ' ,:~1k.··· 

and' F.(a). ; t {alF(e
l

) : I ~ J } . It isittimediate to',"see' thqt:E .... 

so:defi~ed. is Qo~linear and continuous. S'inc'e 

II .·F(a) lr .1~mHF(a).ei" .~ l~m 11 F'(ei )811 <~up{ II fi Ii· II aH: i€E~ 

we also get fl:F.n -.' sup {11.till.:. iE:5} ••. 
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Proof of the Prqposition 3.2. :Let F: Q
1 

+ Q be Qo-linear and continu­

ous. Then, accb~ding toLermta3.2. the sequence LEQ";f. :F(e.) is 
. '. 1 . 1l. 

bounded and f.e ~ + f .:e.- . O. To prove ,the PropositiOn we must show 
·1 J J l. . 

that there exists q € Q such that fi = qe
i 

for all if :ti .. We shall de-

fine q.as the limit of a seque;nce of its approximations qn constructed 

as follows: 

:i) since f
1

e'1 = 0 it follows (Lemma (3.1.b.)) that· 

·f. 'x qe 
.1.1 1 

.ii) .. suppose' , we nave :~l:ready.-const~te~: ~·suChth.at,fi -~ei 
for·.i€{1 ........ nl: and {1,; •. ~,n}¢"~~ Then,.si.jlce~ .'. 

. " ", .• ' '. ',> 

. Ther~fore·(Le'f(1J1l(J. 3.,:1.b).th:~re fnt:,is.ts vn.1rl.t h· {} t·.:~ •.• n+1}J. vn .;. and' 

'.such that·,·fn+1. ~':ln~~~1:=' vn:eJ~.4·~~n+:.t~ Wede~:lne' 1lOW·:·:qn+1~··.+ .'.: 
'. : ... ·~·yn~l;·~~-.,·eu: ';It is !:'i:tnmediate:~t9at· .:~+le{·i.··.fi ····;:~O?: ·t€'{~, ... ·."ri+f} 

·:.and,!;in~e"'J 1~ .;,a ~,nf9':.q,· .we,·· als~.·;h~:e. {i •. , •. ,~tri-1}. '.¢. '. :~.' _'",:. _ . '.' - . .' n . ."tt"t' 

,:Now. ~.by:L~$.la, 

.' .' . . ' 
" ·.-I:··.ll~n+ken+k II ,"':U' vri+k~l!l .•• ··~~+k fl > 

.. 
•.••. >-. H'Iu eu+kJI 
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Therefore II '1n 11 < sup{ \I fn+k II : k €:IN } < II f II • But U qn+1 11 "'" 
- n 

"" 11 qn + vue, ••• en II .. 1,1 qn II +11 v~ II - ' ••• 111 II q1 H +~~111 Vlc. Jl, so that 

n+k-1 
the series IlIv II is convergent. Since II qn+k- ~ II "'" 1I I . vlll <' 

n+k-1 n . ' l=n 

< lL II:Vi II , it follows .at q ':'-lim qn exists in Q. It is also 

Evident that f. CIt qe. for all i E E • &:I 
,1 . l' 
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