





for the modified CAR
a.(a.() + a.MWa.(A) = 226.. . (2.9)
1 J ] 1 13

In particular the cocycle relations (2.6),(2.7) are satisfied for all
A and ‘

o, (1,17 < 1, e, @)

Using w, ome can comstruct for J the so called twisted group ‘al_geBra
[16] which is a generalization of the ordinary group algebra, Lét 1
be the invariant measure on 'J normalized to u(I) =1, I€J.

twisted group algebra Q M) is :defined as- ! (J,u) w:Lth the nmlnph-

cation

(%, D® = ] £Ded 4 Vu,(LIAD), L @0

e € LU, .

‘Slnce w, are real, QN can be real or complex. From now on we assume it

A
© is real Usnxg (2 6),(2.7) and (2 98) one’ proves tha; Q is .a Banach'

algebra in, Fhe L (J,u) —norm
el = .3 If(I)l oy e dm. T @and

Definition 2.1. The algebra @ = Q' (A=0).is the classical limit for
' CAR. S

"It is impb‘rtant to notice that the lﬁi-t A + 0 can not be taken on
'represenung operators a. ().), the 11m1t1ng procedure is performed on
‘the algebra structure of L (J,u) ' A
The followmg Propasztwn g1ves a full charactenzatmn of QN

Prqpo‘s'it'ion 2.1. The algebra QN is uniquely characterized by the fol-

lowing properties:

There exists a set 6f generators eiG QN , 1€ 'N, such that

(i) ei'ej + ejei =0 , i,JjE N,
(ii) - every f € QN is uniquely represcnted by an absolutely

convergent. series
e e, [Ifle, e,
1€ I - :

where J is the set of all finite subsets I={i1,...,Aikf}, .

i, <0<, of N, and

(iii)  fer £€ QY

eI
- T€T .

i_,..lﬁm?-",‘k‘-. In. this form.the a,llge,bra QN ‘was introduced by A. Rogers | 1‘3_] .

} A-;_,Proof. Let us denote:f'wx;o(l,l-’)' = x(1,17). :Th‘en‘(2.8) implies

P 0 frINICFQ, L
Cx(1,1) { ‘ | S (2.12)
B (-T)P(I’I ) for1n1 = o, ' ;

and, by (2.4), (2.5), in particular



- +1 for
Cx{iLGH o= {oe " for

-1 for i
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(2.13)
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Let -eq be the element of QN defined by

0 for 3 # 1, o
{ , _ (2.14)

T for J = 1.
1t follows from (2.11} “that
I 4

e =1, S @

and 'j(2.1"25>. gi;ve:em S

Lo ~,~Io w iiaaee T F

x(I,J) eIUJ if. INJd=9..

' The propos1t1on follows from an o‘bservatlon that every _f € Q can

" be uniquely written’ as.

J .

£ =7 £(De,,, . S @

‘3eJ

: vdard Grassmann algebra of HR The Proposvmon 2. 1 1mp11es then »

.u}.(gkig)f

the series being eonve'rgent inL‘(J >H) .

The algebra Q adm1ts a natural pA -gradlng Q =Q e Q1 . where
QI: 1s the closed lxnear subspace generated by odd products of gene-
rators e and Q =R @ Q ‘ 1s the direct sum of the number field

R. and the closed subalgebra Q generated by even products of elements

of Q1 The follow1ng norm decompos1t10ns hold
I a, "'3]“ = Il éo”} "-'7._“31” s a. € Qr’.'- .r=0,1 (2-_29)-
S S
||4x, +-..“a° -H-= ],AIY%_AH ao‘]j:,, A e_m: ;g €9q, . (2.21)

The real part df an element a € Q w111 be denoted by o(a) The-refe--

Vre 0(}\+a’)=>‘ .for)\,GlR_ and a € Q =Q @Q

'3 sngUALIi!Y» OF THE INFINITE DIM_ENSIONAL GRASSMANN ALGEBRA @

When N 1s fmlte Q 1s 2 —dmensmnal and co1nc1des w1th the stan- '

- .(i)'-‘ There existse EQNsuch that’ for_.‘fev‘e:r};f a€ QI: S

.-ae = ea =0

(ii) For every aprrenady, ) € Q

a1~az..‘>.'aN+_1 =v 0 8

The“fact that for finite Nthe equati;on "ax’:'-”o' a € Q1 Py ad““ts

non—zero solut1ons makes 1t 1mp0331b1e to- defme partlal derlvat:wes";
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of supersmooth function (see [12]) £: Ql;] - QN in such a way that
the Leibnitz rule is satisfied (even modulo an ideal). The ''superana-
lfsis " formulated in [12] is based on the assumption of selfduality
of Q. We shall now prove that the algeﬁra Q = Qw(A=O) defined in Sec-
tion 2 is selfdual in the required senée. ' "

First of all we observe that by the propertiés (ii) and (iii) of

the Proposition 2.1. for every a € Q we have

-

lall= i Jegall = 1mlael e

It follows that for each =x € Q, if “ax = 0 (resp. xa = 0) for all
a€Q,, then x = 0. ' i )
Let Q_ denote the space of continuous Qo'fl-'ine_ar; maps from "Qr (r=0,1)

-to Q. Every element g € Q determines ‘Fq € Q.

Ci . B
‘ Since Q is an algebra wn:h unlt, it follows that every F € Q
of the form I-’ fo:: a= F(‘l). LT '

Proposztwn 3. 2 (Selfduallty of Q) For each contmuous Q —lmear
map F : Q =+ Q there emsts a unxque element q E Q
such that . ' ' s
- for all ‘-a:€ ‘Qi‘.
To prove’the above prot{:erty of Q we first establish two Lemmas.
Lemma &.1. Let for each a € Q, J(a) = {I € J: a® £ 0}, and let I, ca

(resp.I J.a) denotes the fact that I ¢‘ I (resp. I n I1=¢)
for all I€J(a) “Then

a) Io¢a_ implies -

ey * ey Il = llaeg [l +lvey |

o L 0.

for I, N1 =4, and for all b€Q. If I 138 then I 2 and A-.H.aelf'jﬂ -
o -

= llall . : ’ - o

b). 1f a€Q, I€.7 and ae, -0 for all 1€1, then there exists-

a unique v€Q with I1v and such that: a’-veI. We also have Ha” HVH

. f Follows m a stralghtforward way from the Propasttwn 2. 1 R

~Lemma 3 2. There 1s a ' one-to—one correspondence between contlnuous

'-‘Q -11near maps F QI,.-r lQH andi_bgpggied sequey_:ces {fi)_;, _f.rom

Q satlsfymg

";"’;fiej‘ PEiep T 0 - forallijeN . Gy

3 Mogmer. ) ;‘fﬁsﬁé{';ﬂ .

fv't l : 1€ m‘ 3 :a‘n‘d d(f y=0i

ooi If Fs: Q + Q is Q »-lq.near then, wiq; g,y,zEQ“ ’_yve have o
) I"(x)yz a- F(xyz) " ~y(m) -'—F(y)xz, aud therefore F(x)ymF(v)x
i ‘for- all x, 7€ Q1. Wlth x=e., y=e and £, =F(e ) ‘we get 3. 3) In

partlcular f e.=0 so that c(f )-0 Conversely glven a bounded

sequence £; €Q satlsfymg (3 3) we defme F(eI) ‘i':""e‘i' ‘.
27 e

and F(a) =z {d F(e ) s I € .T } .1t is lmmedlate to” see’ that I-'
s0. defmed is Q -llnear and continuous. Since

I @il - —1imﬂ ‘F<a).e.n = tin I 7Cey)al < sl 511 ual.ﬂf?

we also get H F” = sup {H £, II : 1,€N} A.'"l.
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Proof of the Proposition 3.2. :let F: Q1 + Q be Q'o-linear and continu~
ous, Then, according to Lemma 3.2. the sequence fng‘;fi = F(ei) is
bounded and f.ej + ’fer. =.0, To prove the Proposition we must show

that there exists q € Q such that f, = qe, for all i€ W . We shall de—
fine q as the limit of a sequence of its approxmatlons q, constructed

as follows:

:1)  since fe, = 0 it follows (Lemma (3.1.bJ) that

. ':fi - qj'e} ;';vw;th {1}‘4‘5 q, ‘;:‘ ’

-

. -.;’.1) B suppose we have. alraeady const:ucted qn such that f

for 16{1,...,11} and {1,...,n}¢qn Then, s:mce

"€n+1 i :'fl n+1 q1:19’1:@19"' a.nd f +1 n+1 0’ we have

e
R

qn£n+1 =0 _.,‘forf f:'i_.’l€_4{1"""°f’-}

,Therefore (Lemma 3 J.b) there exists v, w:.th {1,...,n+1} 1 vn am‘l
:”such that f qnenﬂ oy e,,..».,e 1' Ve defule nov qn”-qn + ‘

‘ ':for 16{1,...,114-1}

'~5+ ‘e, e .
: v 1, ,e It 15 mmedlate that qnﬂ 2 =3

B ’-and, smce H,...,n} ¢ q

, .: we also have {1,".,11**1} ¢ qnﬂ o

fﬂow, by Lemm 3 la,

-~o e

‘ an*k ’ flqm_k n-i-k 1 H qn+k-1..n+k n+k-1 1 n+k H -

ML R R R . L
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Therefore || qn||< sup{ || fn+k“ : kKEN} < ||£] . But || 4 Il -

. n
= H a, + vneil..en|| = “qn ” +‘”vn “ T L. ® ||q1 H sztnvku, so that

- ) ‘ © nvk—1
the series ):Hv || is convergent. Since || Qg™ an = Hz v

-1=n
n+k-1 : .
< 7 ‘H_vi ||, it follows %xat q = 1lim q_ exists in Q. It is also

=<

evident that f. = ge; for all i € N . a
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